ON THE COMMUTING VARIETY OF A REDUCTIVE LIE ALGEBRA AND OTHER RELATED 

VARIETIES. 



JEAN- YVES CHARBONNEL AND MOUCHIRA ZAITER 

Abstract. In this note, one discusses about some varieties wliicli are constructed analogously to the isospectral com- 
muting varieties. These varieties are subvarieties of varieties having very simple desingularizations. For instance, this is 
the case of the nullcone of any cartesian power of a reductive Lie algebra and one proves that it has rational singulari- 
ties. Moreover, as a byproduct of these investigations and the Ginzburg's results, one gets that the normalizations of the 
isospectral commuting variety and the commuting variety have rational singularities. 
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1. Introduction 

In this note, the base field k is algebraically closed of characteristic 0, g is a reductive Lie algebra of 
finite dimension, i is its rank, dim g = ^ -i- 2?i and G is its adjoint group. The neutral element of G is 
denoted by Ig. 
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1.1. Main results. By definition, !B^*^^ is the subset of elements (xi,. . . ,Xk) of g'^ such that x\,. . .,Xk are 
in a same Borel subalgebra of g. This subset of g*^ is closed and contains two interesting subsets: the 
generalized commuting variety of g, denoted by C^^^ and the nullcone of g*^ denoted by !N^*^' . According 
to IIMu65[ Ch.2, §1, Theorem], for (xi, . . . ,Xk) in 'B^'^\ (xi, . . . ,Xk) is in !N'^*^ if and only if xi, . . . ,Xk are 
nilpotent. By definition, S^*^^ is the closure in g'^ of the set of elements whose all components are in a same 
Cartan subalgebra. According to a Richardson Theorem [|Ri79i . C^^' is the commuting variety of g. 

There is a natural projective moiphism G Xb b'^ — > 'B^''\ For k = \, this morphism is not birational 
but for ^ > 2, it is birational. Furthermore, denoting by X the subvariety of elements (x, j) of g x 1) such 
that y is in the closure of the orbit of x under G, the canonical morphism G b — > X is projective and 
birational and g is the categorical quotient of X under the action of W{Ji) on the factor f). For k > 2, the 
inverse image of 'B'^*^^ by the canonical projection from X*^ to g'^ is not irreducible but the canonical action 
of W('3l)'^ on X*^ induces a simply transitive action on the set of its irreducible components. Denoting by 
B^-* one of these components, one has a commutative diagram 

G Xfi 




with 77 the restriction to SlJ^ of the canonical projection tu from X*^ to g*^. The first main theorem of this 
note is the following theorem: 

Theorem 1.1. (i) The variety Jsf^*^^ has rational singularities. 

(ii) The variety Sl^^ has rational singularities. Moreover, for k > 2, "B^^} is the normalization of 23^*^ 
and 77 is the normalization morphism. 

(iii) The restriction ofy to y~^(N^^^) is an isomorphism onto Jsf^*^^ and the ideal of definition of y~^(N^''^) 
in is generated by the homogeneous elements of positive degree o/k[25®]^. 

From Theorem 11.11 one deduces that for k > 2, the ideal of definition of 3sf^^'^ in k[S'^*^'] is not gen- 
erated by the homogeneous elements of positive degree of k[S^^^]^. Moreover, according to a Joseph's 
result HOTl, k['B^''^f is isomorphic to S(I)*^)^(^^ for the diagonal action of in I)*^. 

In the study of the generalized commuting variety, the closure in Gr^(g) of the orbit of I) under the 
action of G plays an important role. Denoting by X the closure in Gr^(b) of the orbit of I) under B, G.X is 
the closure of the orbit of G.f) and one has the following result: 

Theorem 1.2. Let X' be the set of centralizers of regular elements of a, whose semisimple components is 
regular or subregular Let X^ and {G.X)a be the normalizations ofX and G.X respectively. Let denote by 
00 and 9 the normalization morphisms X^^ X and (G.X)^ G.X respectively. 
{i)All element ofX is a commutative algebraic subalgebra o/g. 

(ii) For X in g, the set of elements of G.X containing x has dimension at most dim g^ — {. 

(iii) The set X' is an open subset ofX and X\X' has codimension at least 2 in X. 

(iv) All irreducible component ofX \ B.l) has a nonempty intersection with X'. 

(v) The set G.X' is an open subset of G.X and G.X\ G.X' has codimension at least 2 in G.X. 
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(vi) All irreducible component ofG.X \ G.f) has a nonempty intersection with G.X'. 

(vii) The restriction ofQ to Q~^{G.X') is a homeomorphism onto G.X' and Q~^{G.X') is a smooth open 
subset ofGXa- 

(viii) The restriction o/Qq to 9q'(X') is a homeomorphism onto X' and 9q'(X') is a smooth open subset 
ofX^. 

Let ^0,*: be the closure in of B.f)* and let F be a desingularization of X in the category of B-varieties. 
Let E be the tautological bundle over X and let be the inverse image of the fiber product over X of 
the k vector bundles E. Then E^^'' is a desingularization of 3£o,/t- Let set: Q^^^ := r]~^(0^''). The following 
theorem is the second main result of this note: 

Theorem 1.3. (i) The variety ^o,*: has rational singularities. 

(ii) The variety C^*^^ is irreducible and G Xb E^^^ is a desingularization o/S[f\ 

(iii) The normalization morphisms of C^*^ and OP^^ are homeomorphisms. 

(iv) For k - 2, the normalizations of Cjf ^ and C^'^-' have rational singularities. 

The proof of Assertion (iv) is an easy consequence of the proof of Assertion (ii), and the deep result of 
Ginzburg HGilU which asserts that the normalization of S^^^ is Gorenstein. 

1.2. Notations. • For V a vector space, its dual is denoted by V* and the augmentation ideal of its 
symmetric algebra S{V) is denoted by S+(V). For A a graded algebra over N, its homogeneous component 
of degree m is denoted by A„,. 

• All topological terms refer to the Zariski topology. If F is a subset of a topological space X, let denote 
by Y the closure of Y in X. For Y an open subset of the algebraic variety X, Y is called a big open subset 
if the codimension of X \ F in X is bigger than 2. For F a closed subset of an algebraic variety X, its 
dimension is the biggest dimension of its irreducible components and its codimension in X is the smallest 
codimension in X of its irreducible components. For X an algebraic variety. Ox is its structural sheaf, 
k[X] is the algebra of regular functions on X and k.{X) is the field of rational functions on X when X is 
irreducible. When X is smooth, the sheaf of regular differential forms of top degree on X is denoted by 

ax. 

• For X an algebraic variety and for M a sheaf on X, T{V, M) is the space of local sections of M over 
the open subset V of X. For / a nonnegative integer, H'(X, M) is the i-th group of cohomology of M. For 
example, H"(X, M) = r(X, M). 

Lemma 1.4. BEGAIIi Corollaire 5.4.3] Let X be an irreducible affine algebraic variety and let Y be a 
desingularization ofX. Then H*'(F, Oy) is the integral closure o/k[X] in its fraction field. 

• For K a group and for E a set with a group action of K, E^ is the set of invariant elements of E under 
K. The following lemma is straightforward and will be used in the proof of Corollary 13.141 

Lemma 1.5. Let A be an algebra generated by the subalgebras Ai andA2. Let K be a group with a group 
action of K on A2. Let suppose that the following conditions are verified: 

(1) A\ n A2 is contained in A^, 

(2) A is a free A2-module having a basis contained in Ai, 
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(3) Ai is a free Ai n A2-module having the same basis. 
Then there exists a unique group action of K on the algebra A extending the action ofK on Aj and fixing 
all the elements of Ai. Moreover, if A\ n A2 = A^ then A^ - Ai. 

• For E a set and k a positive integer, E'^ denotes its A:-th cartesian power. If E is finite, its cardinality 
is denoted by l^l. If £ is a vector space, for x = (;ci, . . . ,Xk) in E^, is the subspace of E generated by 
xi, . . . ,Xk. Moreover, there is a canonical action of GL,t(k) in E'^ given by: 

k 

{aij, 1 < /, < k).ixi, . . . ,Xk) := a,jXy, / = l,...,k) 

7=1 

In particular, the diagonal action of G in g*^ commutes with the action of GLyt(k). 

• For a reductive Lie algebra, its rank is denoted by £a and the dimension of its Borel subalgebras is 
denoted by b„ . In particular, dim a = Ibg - (a ■ 

• If £■ is a subset of a vector space V, let denote by span{E) the vector subspace of V generated by E. 
The grassmanian of all ^^-dimensional subspaces of V is denoted by GT^iV). By definition, a cone of V is 
a subset of V invariant under the natural action of k* := k \ {0} and a multicone of is a subset of 
invariant under the natural action of (k*)* on V'^. 

Lemma 1.6. Let X be an open cone ofV and let S be a closed multicone ofX X Denoting by S 1 the 
image ofS by the first projection, 5 1 X {0} = 5 n (X X {0}). In particular, S \ is closed in X. 

Proof For x in X, x is in 5 1 if and only if for some (v2, . . . ,Vk) in V*"^ ,(x,tV2,... ,tVk) is in 5 for all t in 
k since 5 is a closed multicone of X x V*"^ , whence the lemma. □ 

• The dual of g is denoted by g* and it identifies with g by a given non degenerate, invariant, symmetric 
bilinear form (., .) on g x g extending the Killing form of [g, g]. 

• Let b be a Borel subalgebra of g and let f) be a Cartan subalgebra of g contained in b. Let denote by 31 
the root system of I) in g and let denote by 51+ the positive root system of defined by b. The Weyl group 
of is denoted by WCJl) and the basis of 0?+ is denoted by 11. The neutral element of WCJl) is denoted 
by Ij,. For a in Jl, the corresponding root subspace is denoted by g" and a generator Xa of g"^ is chosen so 
that {xa, x-a) - 1 for all a in 01. As usual, the half sum of positive roots is denoted by p. 

• The normalizers of b and 1) in G are denoted by B and NgQ)) respectively. For xinh,x is the element 
of I) such that x - x is in the nilpotent radical u of b. 

• For X an algebraic B- variety, let denote by G Xg X the quotient of G x X under the right action of B 
given by (g, x).b :- (gb, .x). More generally, for k positive integer and for X an algebraic B'^-variety, 
let denote by G'' Xgk X the quotient of G^ X Z under the right action of given by {g, x).b :- {gb, b~^ .x) 
with g and b in G*^ and respectively. 

Lemma 1.7. Let P and Q be parabolic subgroups ofG such that P is contained in Q. Let X be a Q-variety 
and let Y be a closed subset of X, invariant under P. Then Q.Y is a closed subset of X. Moreover, the 
canonical map from QXpY to Q.Y is a projective morphism. 

Proof Since P and Q are parabolic subgroups of G and since P is contained in Q, Q/P is a projective 
variety. Let denote hy QxpX and QxpY the quotients of QxX and QxY under the right action of P 
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given by (g, x).p :- (gp, p .x). Let g \-> ghe the quotient map from Q to Q/P. Since X is a g-variety, 
the map 

QxX^Q/PxX {g,x)^{g,g.x) 

defines through the quotient an isomorphism from Q Xp X to Q/P x X. Since 7 is a f -invariant closed 
subset of X, 2xp F is a closed subset of QxpX and its image by the above isomorphism equals Q/PxQ.Y. 
Hence Q.Y is a. closed subset of X since Q/P is a. projective variety. From the commutative diagram 

QxpY Q/P X Q.Y 




Q-Y 

one deduces that the map QxpY^ Q.Y is a. projective moiphism. □ 

• For k > \ and for the diagonal action of B in b^, is a B-variety. The canonical map from G xh^ 
to G Xb h'' is denoted by {g,X[,. . . ,xt) ig,xi,. . . ,Xk). Let 'B^'^^ and Ji^'^'' be the images of G x b*' and 
GxvJ^ respectively by the map (g, xi, . . . ,Xk) ^ {g{x\), . . . ,gixk)) so that S^'^^ and N^*^^ are closed subsets 
of g*^ by Lemma [L7l Let ^B^'^^ be the normalization of 23^*^^ and let ij be the normalization morphism. One 
has a commutative diagram: 




Let J^^^^ be the normalization of X^*^^ and let x be the normalization morphism. One has a commutative 
diagram: 

Gxbu' -7^® 



with V the restriction of y to G u*^. 

• Let / be the injection (xi , . . . ,Xk) ^ (Ig, xi , . . . ,Xjt) from b* to G x^ b*^. Then l := y4 and tn yn°i are 
closed embeddings of b^ into S^*^) and respectively. In particular, = G.L(b'') and = G.tnCb*^). 

• Let e be the sum of the xyj's, p in H, and let h be the element of I) n [g, g] such that /3{h) = 2 for all /3 
in n. Then there exists a unique / in [g, g] such that (e, h, f) is a principal sl2-triple. The one parameter 
subgroup of G generated by ad/j is denoted by f i-> h{t). The Borel subalgebra containing / is denoted by 
b_ and its nilpotent radical is denoted by u_. Let B_ be the normalizer of b- in G and let U and U- be the 
unipotent radicals of B and B_ respectively. 

Lemma 1.8. Let k > 2 be an integer. Let X be an affine variety and let set Y :- b*^ x X. Let Z be a 
closed B-invariant subset ofY under the group action given by g.{v\, . . . ,Vk, x) - (^(vi), . . . ,g{vk), x) with 
(g, vi , . . . ,Vk) in Bxh^ and x in X. Then Z nl)^ xX is the image ofZ by the projection (vi, . . . ,v^, x) 
(yj,...,n,x). 
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Proof. For all v in b, 



V - lim/j(0(v) 
r-»0 



whence the lemma since Z is closed and S-invariant. □ 

• For X 6 g, let and Xn be the semisimple and nilpotent components of x in g. Let denote by g" and 
the centralizers of x in g and G respectively. For a a subalgebra of g and for A a subgroup of G, let set: 

a-'':=ang^ A'':=AnG^ 

The set of regular elements of g is 

greg := {x € g I dimg"" ^ 1} 

and let denote by greg,ss the set of regular semisimple elements of g. Both g^g and greg.ss are G-invariant 
dense open subsets of g. Setting t)reg := I) n greg, := b n g^g, u^g := u n g^g, greg.ss ^ G(I)reg), 
9reg - G(breg) and G(Ureg) is the set of regular elements of the nilpotent cone ^Ig of g. 

Lemma 1.9. Let k > 2 be an integer and let x be in g*^. For O open subset of greg, Px ^ O is not empty if 
and only if for some g in GLk{k), the first component ofg.x is in O. 

Proof. Since the components of g.x are in P^ for all g in GLjt(k), the condition is sufficient. Let suppose 
that n O is not empty and let denote by xi , . . . ,xic the components of x. For some (ai , . . . ,ak) in k*^ \ {0}, 

aiX[ + • • • + akXk e O 

Let / be such that a,- and let r be the transposition of Sk such that t(1) = /. Denoting by g the element 
of GLk{k) such that gij = ar(j) for j = 1, . . . , k, gjj = 1 for j = 2,. ..,k and gjj = for j >2 and j t I, 
the first component of gr.x is in O. □ 

• Let denote by S(q)^ the algebra of g-invariant elements of S(g). Let pi, . . . , p(he homogeneous gener- 
ators of S(g)'' of degree d\,. . . ,d[ respectively. Let choose the polynomials pi,. . . ,pc so that d\^< ■ • ■ <d[. 
For i - I, . . .,dc and (x, y) e qxq, let consider a shift of pi in direction y: pi{x + ty) with t ek. Expanding 
Pi{x + ty) as a polynomial in t, one obtains 

d, 

(1) pi{x + ty)^YuPf'^^^'y^^'"' V(?,x,j)ekxgxg 

m=0 

where y i-^ (m\)pf^\x,y) is the derivate at x of pi at the order m in the direction y. The elements p''^^ 
defined by ([T|l are invariant elements of S(g) ®ik S(g) under the diagonal action of G in g x g. Let remark 
that pf\x,y) = pi{x) while pf'\x,y) = pfy) for all ix,y) e g x g. 

Remark 1.10. The family "Px '■= {p'f"\x, .); l<i<£,l<m< dj] for x £ g, is a Poisson-commutative 
family of S(g) by Mishchenko-Fomenko IIMF78II . One says that the family "Px is constructed by the 
argument shift method. 

• Let / e {1, . . . , ^) be. For x in g, let denote by e,(x) the element of g given by 

d 

<£,-(x),3;> = —pi{x + ty)\t=o 
at 
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for all y in g. Thereby, e, is an invariant element of S(g) ®]t g under the canonical action of G. According 
to IIKo63l Theorem 9], for xmo„x is in greg if and only if e\{x), . . . ,ee{x) are linearly independent. In this 
case, siix), . . . ,et{x) is a basis of g^. 

Let denote by s"!"\ for < m < J, - 1, the elements of S(g x g) (gjt g defined by the equality: 

di-\ 

(2) ei{x + ty)^Yj ■>')^'" ' 3^) e k X g X g 

m=0 

and let set: 

y,,, - ^pM{sf\x,y), . . . ,sf'-'\x,y), / - 1, . . . , ^}) 

for ix,y) in g X g. According to HBolQll Corollary 2], Vx^y has dimension bg if and only if P^^y has 
dimension 2 and Px^y \ |0) is contained in greg- 

2. COHOMOLOGICAL RESULTS 

Let > 2 be an integer. According to the above notations, one has the commutative diagrams: 
G xb 'B'^^ G Xb 






2(« J{(k) 



2.1. Since the Borel subalgebras of g are conjugate under G, 'B^'^^ is the subset of elements of g^ whose 
components are in a same Borel subalgebra and ?sf^*^ are the elements of S^*^' whose all the components 
are nilpotent. 

Lemma 2.1. (i) The morphism yfrom G XBb'^ to 23^^^ is projective and birational. In particular, G Xb^^ 
is a desingularization o/'B'^^^ and B^^^ has dimension ^bg + n. 

(ii) The morphism v from G Xb to Tsf^*^^ is projective and birational. In particular, G Xb u'^ is a 
desingularization o/!N*^*^^ and !N*^*^^ has dimension (k + \)n. 

(2) 9 

Proof, (i) Let denote by Qg be the subset of elements (x, y) of g such that Px^y has dimension 2 and such 
that Px,y \ {0} is contained in greg. According to Lemma fLTl y is a projective morphism. For 1 < / < j < k, 
let Q^^^ be the inverse image of Q^^^ by the projection 

{Xu...,Xk) I > {Xi,Xj) 

Then ^^pj is an open subset of g*^ whose intersection with B^^^ is not empty. Let Og*^^ be the union of the 
nfj. According to IIBol91l Corollary 2] and llKo63l Theorem 9], for {x, y) in Q[f n B^'^\ Vx,y is the unique 

Borel subalgebra of g containing x and y so that the restriction of y to y~^(Q®) is a bijection onto flg*^\ 
Hence y is birational. Moreover, G Xg is a smooth variety as a vector bundle over the smooth variety 
GjB, whence the assertion since G Xb^'^ has dimension ^bg + n. 

(ii) According to Lemma [TTTl y is a projective morphism. Let TsfJ-eg be the subset of elements of !N*^*^^ 
whose at least one component is a regular element of g. Then is an open subset of Jsf'^'^^ Since a 
regular nilpotent element is contained in one and only one Borel subalgebra of g, the restriction of v to 
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V H^Lg) is ^ bijection onto Hence v is birational. Moreover, G Xg u*^ is a smooth variety as a vector 
bundle over the smooth variety GjB, whence the assertion since G Xg u*^ has dimension (k -\-\)n. □ 

Let K be the map 

U- X Ureg ftg {g, x) ^ gix) 

Lemma 2.2. Let V be the set of elements o/Jsf^*^^ whose first component is in ?7_(Hreg) and let Vt be the 
set of elements x o/7sf^*^^ such that n Qreg is not empty. 

(i) The image of k is a smooth open subset of^l^ and k is an ismorphism onto ?7_(Ureg)- 

(ii) The subset V of J^''^ IS open. 

(iii) The open subset V ofN^^^ is smooth. 

(iv) The set Vt is a smooth open subset of'N'-^^ 

Proof, (i) Since 9lg is the nullvariety of pi,. . . ,pi in g, 9lg n gj-gg is a smooth open susbet of S^g by IIKo63[ 
Theorem 9]. For {g, x) in U- x Ureg such that g{x) is in \x,b'^g is in for some binB since B{x) - Ureg. 
Hence g = Ig since is contained in B and since ?7_ n B = { Ig}. As a result, k is an injective morphism 
from the smooth variety U- x Ureg to the smooth variety 'Jig n greg- Hence k is an open immersion by 
Zariski Main Theorem IIMu881 §9]. 

(ii) By definition, V is the intersection of iN*^*^^ and ?7-(Ureg) x 91^"^. So, by (i), it is an open subset of 

(iii) Let (xi, . . . ,Xk) be in and let g be in G such that {g{xi), . . . ,g{xt)) is in V. Then xi is in Uieg and 
for some (g', b) in U- x B, g'b{xi) = g{xi). Hence g'^g'b is in and g is in U-B since G"^' is contained 
in S. As a result, the map 

X Ureg X 11*^-1 > V {g,Xu... ,Xk) ^ (g(xi), . . . ,g{Xk)) 

is an isomorphism whose inverse is given by 

V ^ U^X Ureg X U*^"' {Xy, . . . ,Xk) ^ {k'^ {Xi)i, K~\x\)\{X\), . . . ,K-^ {Xi)i{Xk)) 

with the inverse of k and /c^H-^Oi the component of k~^{x\) on whence the assertion since U- x 
Ureg X u*^~^ is smooth. 

(iv) According to Lemma [L9l Vk = GLyt(k).y, whence the assertion by (iii). □ 

Corollary 2.3. (i) The subvariety !N'^*^' \ Vt ofJ^'^^ has codimension /c + 1. 

(ii) The restriction ofv to v~^{Vk) is an isomorphism onto Vt. 

(iii) The subset v~^(Vk) is a big open subset ofOx^ u^. 

Proof, (i) By definition, Tsf^*^ \ Vk is the subset of elements x of 3^^'^^ such that Px is contained in g \ greg- 
Hence iN*^*^^ \ Vt is contained in the image of G Xg (u \ Ureg)*^ by V. Let (xj, . . . ,Xk) be in u*^ n (N'-''^ \ Vt). 
Then, for all (ai, . . . ,ajt) in k*, 

{x-/3,aixi + ■ ■■akXk) = 

for some y6 in H. Since IT is finite, P^ is orthogonal to x_yj for some /? in H. As a result, the subvariety of 
Borel subalgebras of g containing xi, . . . ,Xjt has positive dimension. Hence 

dim(>J'(*^ \ Vk) < dimG Xg (u \ Ureg)*^ ^ n + k{n - I) 
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Moreover, for yS in IT, denoting by the orthogonal complement of g"^ in u, v{G Xg (u^fy is contained 
in Tsf^*^^ \ Vk and its dimension equal (k + l){n - 1) since the variety of Borel subalgebras containing Uyj has 
dimension 1 , whence the assertion. 

(ii) For X in is contained in all Borel subalgebra of g, containing the components of x. Then 
the restriction of v to v~^{Vk) is injective since all regular nilpotent element of g is contained in a single 
Borel subalgebra of g, whence the assertion by Zariski Main Theorem [iMu88i §9] since Vk is a smooth 
open subset of ?sf^*^^ by Lemma l2!2l (iv). 

(iii) Let identify U- with the open subset U-B/B of G/B and let denote by the canonical projection 
from G Xg ii*^ to G/B. Since v~^{Vk) is G-invariant, it suffices to prove that v^\Vk) n if/^^{U-) is a big 
open subset of ifj~^{U-). 

The open subset t//~\U^) of G Xb u*" identifies with U- x u'' and v~\Vk) n ip'^{U-) identifies with the 
set of {g, x) such that n Qreg is not empty. Let denote by Vq the subset of elements x of u*^ such that 
Px ^ 9reg is not empty. Then \ Vq is contained in (u \ Uieg)*^ and has codimension at least 2 in u*^ since 

> 2. As a result, U- x Vq is a big open subset of U- x u'^, wence the assertion. □ 

2.2. According to the identification of g and g* by (., .), the dual of u identifies with ii_ so that u_ is a 
B-module. For E a finite dimensional B-module, let denote by Lo{E) the sheaf of local sections of the 
vector bundle G Xb E over G IB. 

Lemma 2.4. The module f^cxgii* ^'^^ ^ G-invariant rational section which has no zero. 
Proof. Let be the regular function on given by 

(Pq{xi ,Xk) := Wpeui^-p, ^\ with 2p = ^^^^n ^fi^ 

The function is relatively invariant of weight (1 - k)lp under B so that the B-module ^q^S(u^) ®]t 
A"(u) ®k A"(U-)**^ contains the one dimensional B-module of weight as a direct summand. As a result 

Mo := H^CG/B, £o(^o'S(ub ®k A"(u) ®k K\^-f^) 

contains a non zero G-invariant element. According to Lemma l2!2] (i). IJ- x ii^gg identifies with an open 
subset of G X5 u*^. Denoting by Vq the subset of elements (g, x) of IJ - x ujgg such that ^o(-^) ^ 0, for all (x> 
in Mq, the restriction of a> to is in Tiy^, Q^xbuO- So, Mq is contained in the space of rational sections 
of f^GxfiU*- For ^ G-invariant in H°(G/B, £o(^o^®A"(iO ®k K^iy^-T^)), its restriction to is a multiple 
of (g, x) ^q'(x)// with // in A"(u) ®k A"(ii-)^'^- In particular, (i* has no zero if it is different from 0. □ 

Theorem 2.5. Let k > 2 be an integer and let J^^^ be the normalization ofJ^'^\ Then J^a^ has rational 
singularities. 

Proof. Since G X5 u'^ is a desingularization of J^'^'' by Lemma|2?T](ii), one has a commutative diagram 
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with K the normalization morphism. Moreover, is a projective birational morphism. According to 
Corollary 12.31 K^^iy^) is a smooth big open subset of , v'^^iyk) is a big open subset of G Xg u'^ and 
the restriction of to v'^^^Vk) is an isomorphism onto n'^^iyk). Hence, by Lemma [Z41 and Corollary IC.4I 
with Y - G Xb"^ , has rational singularities. □ 

For (A:, /) in N^, let set: 

so that E^_ and / are B-modules. 

Proposition 2.6. Let k, I be nonnegative integers. 

(i) For all positive integer i, li'{G/B, Lq{u^'^)) - 0. 

(ii) For all positive integer i, H'(G/B, £o(£^fc)) = 0. 

(iii) For all positive integer i, ¥1'^'{G/B, Lo{Eicj)) = 0. 

Proof, (i) First of all, since W{G/B, Og/b) = for all positive integer j by Borel-Weil-Bott's Theorem 
IIDem68l . one can suppose k > 0. According to the identification of u* and u_, S(u^) is the algebra of 
polynomial functions on u*^. Then, since G u*^ is a vector bundle over G/B, for all nonnegative integer 
i, 

U'iG Xb u^ Ogx.uO - H'(G/5,£o(S(u^_))) - 0H'(G/B,£o(S^(ub)) 

According to Theorem 12.51 for / > 0, the left hand side equals since G Xg u*^ is a desingularization of 
J^'^^ by Lemma [XT] (ii). As a result, for / > 0, 

H'(G/S,£o(SV-)))-0 

The decomposition of as a direct sum of k copies of u_ induces a multigradation of S(u_) such that 
each subspace of multidegree (ji, . . . Jt) is a B-submodule. Denoting this subspace by S one has 

SV-)= 5,-,,...j,and5i,...,i =u!^ 

;i +■■■+;<:=* 

Hence for / > 0, 

= H'(G/B, £o(S^(ub)) - H'(G/B, £o(5 ;,,...,,,)) 

Oi,...JjOeN* 
Jl +■■■+*=* 

whence the assertion. 

(ii) Let / be a positive integer. Let prove by induction on j that for k > j, 

(3) H'(G/B, LoiEj ®k u!^*^-^'^)) = 

By (i), it is true for j = 0. Let suppose 7 > and Q true for j - I and for all ^ > j - 1. From the exact 
sequence of 5-modules 

0^f)^b*^u_^0 
one deduces the exact sequence of B-modules 

Ej^, ®k D ®k Ej ®k uTJ^ Ej., ®k u?'"^'^^^ ^ 
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whence the exact sequence of OG/B-modules 

since Lq is an exact functor. From the cohomology long exact sequence deduced from this short exact 
sequence, one has the exact sequence 

U'{G/B, LoiEj.i ®k I) ®k u!^*^"^'^)) U'{G/B, Lo{Ej ®k u!^'^"^'^)) 

U'iG/B, LoiEj., ®k u'l^'-j^'^)) 

By induction hypothesis, the last term equals 0. Since I) is a trivial B-module, 

Lo{Ej-i ®k t) ®k ^ t) ®k ^o{Ej-i ®k u!^''"-'^) 

H'(G/B, LoiEj.i ®k I) ®k u!*''"^'^)) - I) ®k H'(G/B, £o(£y-i ®k u!^'^"^'^)) 

Then, by induction hypothesis again, the first term of the last exact sequence equals 0, whence Equality 
([3]) and whence the assertion since it is true for ^ = by Borel-Weil-Bott's Theorem. 

(iii) Let be a nonnegative integer. Let prove by induction on j that for / > and for I > j, 

(4) U'^\G/B,Lo{Ek-,i-jj))^0 

By (ii) it is true for j = 0. Let suppose 7 > and dH) true for j - 1 and for all Z > 7 - 1. From the short 
exact sequence of B-modules 

one deduces the short exact sequence of B-modules 

— > Ek+i-jj — > g ®k Ek+i-jj-i — > Ek+i-j+\j-\ — > 

whence the exact sequence of OG/B-modules 

— > Lo{Ek+i-jj) — > LoiQ^kEk+i-jj-i) — * Lo{Ek+i-j+\,j-\) — > 

since £0 is an exact functor. From the cohomology long exact sequence deduced from this short exact 
sequence, one has the exact sequence 

H'+^'-HG/B,£o(£;t+/-;+l,;-l)) ^ H'+^(G/B, £o(£;t+/-;j)) 

H'+^(G/B, £0(9 ®k £/t+/-y,;-l)) 

for all positive integer /. By induction hypothesis, the first term equals for all / > 0. Since g is a 
G-module, 

£0(9 <Sk Ek+i-jj-i) = 9 ®k ^oiEk+i-jj-i) 

H'+^'(G/B, £0(9 ®k E^-jj-O) = 9 ®k H'+^'(G/B, £o(£^+/-y,;-i )) 

Then by induction hypothesis again, the last term of the last exact sequence equals 0, whence Equality (01) 
and whence the assertion for j = I. □ 
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Corollary 2.7. Let V be a subspace ofh containining u and let i be a positive integer. 

(i) For all nonnegative integers k, I, H'+'(G/B, £()((b*)*^ ®it V*')) = 0. 

(ii) For all nonnegative integer m and for all positive integer k, 

Proof, (i) Let prove by induction on j that for I > j, 

(5) H'+'(G/B, LoUhr' ®t ®t u«('-^))) = 

According to Proposition I2.6[ (iii). it is true for j = 0. Let suppose that it is true for j - I. From the exact 
sequence of B-moduIes 

^ u ^ y ^ y/u ^ 

one deduces the exact sequence of B-moduIes 

V/n ®k i^*f' ®k ®k u«('-^'^ 

whence the exact sequence of Oo/B-inoduIes 

Lo{{b*f' ®k V^^J-'^ ®k u^^'-^'^i)) £o((b*)* ®k ®k u«('-^')) 
^ £o(Wu ®k (b*)* ®k ®k u*^'-^')) ^ 

From the cohomology long exact sequence deduced from this short exact sequence, it results the exact 
sequence 

U'^'iG/B, Loiib*f' ®k V'^j-'^ ®t u«('-^'+i))) H'+'(G/B, Loiih*f' ®k ®k u*^'"^'))) 

H'+'(G/B, £o(Wu ®k {h*f' ®k ®k u«('-^'))) 

By induction hypothesis, the first term equals 0. Since V/u is a trivial B-module, 

Lo(V/u ®k i^r' ®k V'^J-'^ ®t u«^'-^^)) = v/u ®t £o((b*)*' ®k ®k u*^'-^')) 

H'+'(G/B, £o( Wu ®k (b*f ' ®k ®k u«^'-^'))) = 

V/n ®k H'+'(G/B, £o((b*r ®k V^^^'"'^ ®k u^^'"^'))) 

Then, by induction hypothesis again, the last term of the last exact sequence equals 0, whence Equality 
^ and whence the assertion for j = I. 
(ii) Since 

A'"iv')= A''(V)®k---®kA''HV) 

0-l,...jt)eN* 

(ii) results from (i) and Proposition IB.ll □ 

3. On the varieties 

Let X be the closed subvariety of g x I) such that k[X] = S(g) ^s^jj^wcr) S(f)). Let > 2 be an integer and 
let 'B'^^ be the normalization of 'B^'^\ The goal of the section is to prove that 23® is a closed subvariety of 
X*^ and to give some consequences of this fact. 
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3.1. According to the notations of Subsection 11.21 y is the morphism from G Xg b to g defined by the 
map {g, x) i-> g{x) through the quotient map. 

Lemma 3.1. (i) The subvariety X o/ g x f) invariant under the G-action on the first factor and the 
W{Jl)-action on the second factor Furthermore, these actions commute. 

(ii) There exists a well defined G-equivariant morphism y^fromGXgh to X such that y is the compound 
ofjn cind the canonical projection from X to g. 

(iii) The variety X is irreducible and the morphism ja is projective and birational. 

(iv) The variety X is normal. Moreover, all element o/greg x f) n X w a smooth point ofX. 

(v) The algebra k[X] is the space of global sections ofOcxgh ^nd k[X]'^ - S(I)). 

Proof, (i) By definition, for (x, 3^) in g x I), (x, y) is in X if and only if p{x) - p(y) for all p in S(g)^. Hence 
X is invariant under the G-action on the first factor and the W{'Jl)-action on the second factor. Moreover, 
these two actions commute. 

(ii) Since the map (g, x) i-> (gix), x) is constant on the B-orbits, there exists a uniquely defined mor- 
phism 7n from GXfibtogxI) such that (gix), x) is the image by of the image of (g, x) in G Xb b. The 
image of y^ is contained in X since for all p in S(g)*^, p(x) = p{x) - p{g{x)). Furthermore, y^ verifies the 
condition of the assertion. 

(iii) According to Lemma [L7l y^ is a projective morphism. Let (x,y) be in g x f) such that p{x) = p(y) 
for all p in S(g)*^. For some g in G, g(x) is in b and its semisimple component is y so that {x,y) is in the 
image of y^. As a result, X is irreducible as the image of the irreducible variety G Xg b. Since for all 
ix,y) in X n I)reg X f)reg, there exists a unique w in W{Jl) such that y = w(x), the fiber of y^ at any element 
X n G.(I)reg X f)reg) has onc element. Hence y^ is birational, whence the assertion. 

(iv) Let / be the ideal of k[g x I)] generated by the functions ix,y) i-> piix) - Pi(y), i = \,. . . ,€ and 
let X/ be the subscheme of g x f) defined by /. Then X is the null variety of / in g x I). Since X has 
codimension ^ in g x I), X/ is a complete intersection. Let {x,y) be in X such that x is a regular element of 
g and let T^^y be the tangent space at {x,y) of X/. For i - \,. . . the differential at (x,^) of the function 
{x,y) pi{x)- pi(y) is 

(v, w) 1-^ (siix), v) - (siiy), w) 
For w in f), if (v, w) and (v', w) are in Tx^y then v - v' is orthogonal to ei(x), . . . ,Ee{x). Since x is regular, 
ei(x), . . . ,£{{x) is a basis of g^ by IKo63l Theorem 9]. Hence 

dim V < dim Q - £ + dim f) 

As a result, X n g^g x I) is contained in the subset of smooth points of X/. According to IIV72II . g \ 
greg has codimension 3 in g. Hence X/ is regular in codimension 1 and according to Serre's normality 
criterion ||Bou981 §1, no 10, Theoreme 4], X/ is normal. In particular, / is prime and X = X/, whence the 
assertion. 

(v) According to (iii), (iv) and Lemma []~4l k[X] = H"(G Xg b, OGxgb)- Under the action of G in g x I), 
k[g X f)]'^ = S(g)'^ ®]k S(I)) and its image in k[X] by the quotient morphism equals S([)). Moreover, since G 
is reductive, k[X]^ is the image of k[g x f)]*^ by the quotient morphism, whence the assertion. □ 

Proposition 3.2. llHe76l Theorem B and Corollary] (i) For i > 0, H'(G/B, £o(S(b*)) equals 0. 
(ii) The variety X has rational singularities. 



14 



J-Y CHARBONNEL AND M. ZAITER 



Corollary 3.3. (i) Let x and x' be in bj-gg such that (x', x') is in G.{x, x). Then x' is in B{x). 
(ii) For all w in WCJl), the map 

U- X breg > X {g, X) ^ {g{x), W(x)) 

is an isomorphism onto a smooth open subset ofX. 

Proof, (i) The semisimple components of x and x' are conjugate under B since they are conjugate to 
X under B. Let b and b' be in B such that x is the semisimple component of b{x) and b'{x'). Then 
the nilpotent components of b{x) and b'{x') are regular nilpotent elements of g^, belonging to the Borel 
subalgebra b n g'^ of g'^. Hence x' is in B{x). 

(ii) Since the action of G and W{!JV) on X commute, it suffices to prove the corollary for w = Ij,. Let 
denote by 6 the map 

U- X breg > X {g, X) 1-^ {g{x), X) 

Let {g, x) and {g' ,x') be in x bj-eg such that 6{g, x) - 6{g', x'). By (i), x' - b{x) for some b in B. Hence 
g'^g'b is in G". Since x is in breg, is contained in B and g~'^g' is in n B, whence {g, x) - (g', x') 
since ?7_ n B = {Ig). As a result, is a dominant injective map from U- x breg to the normal variety X. 
Hence 9 is an isomorphism onto a smooth open subset of X, by Zariski Main Theorem ||Mu881 §9]. □ 

3.2. Let A be the diagonal of (G/B)'' and let Sa be its ideal of definition in 0(g/b)« - The variety G/B 
identifies with A so that 0(g/b)*73a is isomorphic to Og/b- For E a B^-module, let denote by L{E) the 
sheaf of local sections of the vector bundle G'^ Xgk E over (G/B)'^. 

Lemma 3.4. Let E be a finite dimensional B^-module. Let denote by E the B-module defined by the 
diagonal action ofB on E. Then the short sequence of O^Q/g-^k -modules 

O^dA ®o^^ ^E) Lo(E) 

is exact. 

Proof. Since is a locally free ©(c/^jt-module, the short sequence of O^c/^)* -modules 

0^3a ®o,^/„, ^(E) Oa ®o,^/,,, 

is exact, whence the assertion since Oa ^O^Q^gj*, '^(E) is isomorphic to LoiE). □ 

Corollary 3.5. Let V be a subspace ofh containining u and let i be a positive integer 

(i) For all nonnegative integer m, 

(ii) For all nonnegative integer m, 

U'^-'UG/BfjA ®OaiB.oiB 'i:(S'"((b*)'))) = 

Proof The spaces (b*)*^ and are naturally B^-modules. Then it is so for S'"((b*)'=) and A'^C^*")- Let 
denote by E one of these two modules. According to Lemma 1341 the short sequence of O^g/g)* -modules 
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is exact whence the cohomology long exact sequence 

> YlK{GIBf,L{E)) W{G/B,Lo(E)) 

■'{GIBjk 

Since 



S'"{{b*f) = © 0, S^''(b*) ®k • • • ®k S^*(b*) 

W{{G I Bf ,/:{£)) - for 7 > m and for £ - A"'(^*') by Corollary 0(11) and for j > and for 
E = S'"((b*)*^) by Proposition I2.6[ (ii) and Proposition lB.il As a result, the sequence 

W{G/B,Lom nj-'\iG/B)',8A ®o,^^,,, 

is exact with j - i + m for E = A'"(^*^) and with j = i for E = S'"((b*)*^), whence Assertion (i) by 
Corollary I2.7l (ii) and Assertion (ii) by Proposition I2.6l (ii) and Proposition IB.ll □ 

Let self) := G*^ x^a hK The map 

Gxh^ ^G^xh'' (g,vi,...,Vk) ^ (g,...,g,vi,...,Vk) 

defines through the quotient a closed immersion from G Xb b*^ to 9). Let denote it by v. 

Corollary 3.6. Let d be the ideal of definition ofv(G Xg b*^) in 0*)). 
{i)Fori > 1, H'(9),a) = 0. 
(ii) The variety 23^*^ has rational singularities. 

Proof, (i) Let denote by k the canonical projection from 9) to (G/B)''. Then 



so that 



K*{3) = dA ®o,^/,,, £(S((b*)*^)) 



mj,3) = H'((G/B)^aA ®o,.,„,, £(S((b*)*^))) 



(G/sy 

for all /. According to Corollary I3.5l (ii). the both sides equal for / > 2. 
(ii) From the short exact sequence of O^jt^^^^ j,* -modules 

> 3 > OG*Xgtb* — * Ocxfib* — > 

one deduces the cohomology long exact sequence 

— > n'{G' Xfit b^ OG*x,,bO H'(G xb b^ Oox^bO i^'^'ic' Xfit b^ 3) ^ • • • 

By Proposition I3.2[ (i). for / > 0, the first term equals and by (i), the third term equals 0. Hence 
H'(G Xb h'^, Ooxfib*) - foi" ' > 0' whence the proposition since (G Xg b*^, y^) is a desingularization of 
'B'^^ by Lemmairil(i). □ 
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3.3. According to Lemma |2]T](i), G b'^ is a desingularization of 'B'^^^ and one has a commutative 
diagram 




Lemma 3.7. Let m be the canonical projection from to q^. Let denote by ti the map 

b*^ — > X'' (xi, . . . ,Xk) I — > (xi, . . . ,Xk,T[, . . . 

(i) The map ti is a closed embedding ofb^ into X*^. 

(ii) The subvariety Li(b^) ofX^ is an irreducible component of m'^ih^). 

(iii) The subvariety CT~'(b*^) o/ X*^ is invariant under the canonical action ofWi'Xf in X^ and this 
action induces a simply transitive action ofW{3l)^ on the set of irreducible components of m'^ih^). 

Proof, (i) The map 

b^ >G*^Xb* {Xl,.-.,Xk) ^ (lg,...,lg,Xl,...,Xi.) 

defines through the quotient a closed embedding of b* in G*^ x^k b*^. Let denote it by t'. Let yjif^ be the map 

G*^ X^k b*^ ^ X*^ (Xi, . . . ,Xk) 1-^ (rn(Xl), . . . ,7n{Xk)) 

Then ti = yn'^^of'. Since is a projective morphism, ti is a closed morphism. Moreover, it is injective 
since V7°ii is the identity of b*^. 

(ii) Since S(f)) is a finite extension of S(f))^'-^\ tir is a finite morphism. So m^\b'^) and b*^ have the 
same dimension. According to (i), ti(b*) is an irreducible subvariety of <D~^(b*^) of the same dimension, 
whence the assertion. 

(iii) Since all the fibers of m are invariant under the action of W{OV)^ on X*^, t(T^^(b*^) is invariant 
under this action and W{01)'^ permutes the irreducible components of Ti7"^(b*^). For w in W{'Jl)'^, let set 

:= w.ii(b*). Then is an irreducible component of cT"^(b^) for all w in W(3?)*^ by (ii). For w 
in W(3?)^ such that - ti(b^), for all (xi, . . . ,Xjt) in I)^gg, (xi, . . . ,xt, w.(xi, . . . ,xt)) is in ti(b*^) so that 
(xi, . . . ,xic) is invariant under w and w is the identity. 

Let Z be an irreducible component of TiT~'(b*^) and let Zq be its image by the map 

(xi, . . . ,Xjt,ji, . . . ,yk) I — ^ (xi,-- ■,xj^,yi, ■ ■ ■ ,yk) 

Since m is G'^-equivariant and since b'^ is invariant under B'^, m~^{b'^) and Z are invariant under B^. Hence 
by Lemma [L8l Zq is closed. Moreover, since the image of the map 

Zoxu'^ — > X*^ {{xu . . . ,xk,yi, . . . ,yk),{u\, . . . ,uk)) i — > (-^i +ui,...,xk + uk,y\,...,yk) 

is an irreducible subset of m~^{h^) containing Z, Z is the image of this map. Since Zq is contained in X*^, 
Zq is contained in the image of the map 

I)*^ X Wi'Jlf > I)*^ X f)*^ (Xl, . . . ,Xk,Wl,. . . ,Wk) ^ (Xl, . . . ,Xk,Wl{Xl), . . . ,Wk{Xk)) 
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Then, since WiOi) is finite and since Zq is irreducible, for some w in W{'3l)'', Zq is the image of t)'^ by the 
map 

{Xl,... ,Xk) I > {X\,... ,Xk, W.{X\ ,Xk)) 

Then Z - Z^, whence the assertion. □ 

Let consider the diagonal action of G on and let identify G Xgh^ with v{G Xb b*^) by the closed 
immersion y. 

Corollary 3.8. Let set Slf^ ■- G.tKb'^). 

(i) The subset Sl^^ is the image of G Xb h'^ by 'y'^\ Moreover, the restriction of y^^^ to G Xb b'^ is a 
projective birational morphism from G Xb onto 23®. 

(ii) The subset 'B^'' ofX^ is an irreducible component of {'B^^^). 

(iii) The subvariety m~^{'B^'^^) ofX^ is invariant under WCJl)^ and this action induces a simply transitive 
action ofW{Oi)^ on the set of irreducible components of m'^ CB^^^). 

(iv) The subalgebra kCSW] ofk[m-\'B"'^] equals k[m-\'B^''^)]^'^^'' with respect to the action ofWiJl)'' 
on cT-i(S(*^)). 

Proof, (i) Let yx be the restriction of y^'^^ to GXfib*. Sinccii = y[f^°i', since Gx^b*^ = G.i'(b®) and since 
y^f"* is G-equivariant, 23 - yx{G Xb b^). Hence is closed in X*^ and yx is a projective morphism 
from G Xa b*^ to 23!^^ since y|f' is a projective morphism. According to Lemma ITTI d). CToyj is a birational 
morphism onto 23^*\ Then yx is birational since tu(23®) = 23^*^\ whence the assertion. 

(ii) Since tir is a finite morphism, ct"^(23^^^), 23^^ and 23*^^ have the same dimension, whence the 
assertion since 23!^^ is irreducible as an image of an irreducible variety. 

(iii) Since the fibers of m are invariant under W{'Xf, m"^ {B'^'^^) is invariant under this action and Wi'JVf^ 
permutes the irreducible components of tu-"^(23^*^). Let Z be an irreducible component of trr"^ (23®). 
Since vj is G'^-equivariant, ti7"^(23'^*^^) and Z are invariant under the diagonal action of G. Moreover, 
Z = G.{Z n m-\h^)) since S(^) = G.b^ Hence for some irreducible component Zq of Z n tu ^b^), 
Z - G.Zq. According to Lemma [377l (iii). Zq is contained in w.ii(b*^) for some w in 1V(3J)^. Hence Z is 
contained w.23® since the actions of G*^ and W(3i)*^ on X*^ commute, whence Z = ^.23® since Z is an 
irreducible component of Trr"^(23^^^). 

Let w = (wi , . . . ,Wk) be in W{01)'^ such that ^.23® = 23®. Let x be in I)i.eg and let / be equal to I,. . .,k. 
Let set 

, . , i X if / = / 

z:= {xi,. . .,Xk,xi,. . .,Xk)with Xj := < 

[ Xj = e otherwise 

Then there exists (yi, . . . ,yk) in b* and g in G such that 

w.z = (giyi), . . . ,g(yk),yi, ■■■,yk) 

Then, for some b in B, biyi) = y] since yt is a regular semisimple element, belonging to b. As a result, 
gb~^^d - X and Wi{x) - Yi- Hence gb~^ is an element of Ndi)) representing w^^. Furthermore, since 
gb~^{b{yj)) = e for j + i, biyj) is a regular nilpotent element belonging to b. Then, since there is one and 
only one Borel subalgebra containing a regular nilpotent element, gb"^(b) = b. Hence w, = It,, whence 
the assertion. 
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(iv) Since the fibers of w are invariant under W{'Jlf, k[S('^)] is contained in lL[m-\'B^'''>)Y^^'^^'' . Let p 
be in lL[m-\'B^''>)\'^^'^^' . Since is a finite group, p is the restriction to m ^{'B''^^) of an element q 

of k[X]®\ invariant under W{'Rf. Since k[X]^(^) = S(g), q is in S(g)®*^ and is in ls.VB^^\ whence the 
assertion. □ 

Let recaU that 6 is the map 

U- X breg X (g, ;c) 1-^ {g{x), x) 
and let denote by the inverse image of 6{U^ x l\eg) by the projection 

— > X (xi, . . . ,Xk,yY,- ■ ■ ,yk) I — > (xbyi) 
Lemma 3.9. Let Wk be the subset of elements {x, y) ofB^^ (x e Q^,y £ f)*^j such that n g^eg is not empty. 

k J X 



(i) The subset W, ofB^!^ is a smooth open subset. Moreover, the map 



jy.XbregXb* ' > W; {g,Xi,...,Xk)\ — > {g{Xi), . . . ,g{Xk), Xu . . . ,lq^ 



-Teg ^" "k 

is an isomorphism of varieties. 

X 



(ii) The subset o/g*^ x f)*^ is invariant under the canonical action o/GLyt(k). 

(iii) The subset Wk of is a smooth open subset. Moreover, Wk is the G x GLkQ^)-invariant set 



generated by W^. 

(iv) The subvariety 'B^^ \ Wk ofB^^ has codimension at least 2k. 

Proof, (i) According to Corollary I3.3l (ii). the image of 6 is an open subset of X. Hence W'^. is an open 
subset of Let (xi,. . . ,Xk) be in b^ and let g be in G such that (^(a'i), . . . ,g{xk),'xi, . . . ,x^) is in 

W'^. Then xi is in breg and for some {g',x'^) in U- x b^g, g.{x\^,lci) = g' .{x'^, x'^). Hence, according to 
Corollary I3.3l (i). for some b in B, x\ = b{xi). So, g'^g'b is in G^' and g is in U-B since G"' is contained 
in B. As a result, the map 

U- X breg X b'^-l > W]^ {g,Xi, . . . ,Xk) I — > {g{Xi), . . . ,g{Xk),x{, . . . , x^) 

is an isomorphism whose inverse is given by 

U-X breg X h''-'^ 

(xi, . . . ,Xk) I — > (0"Hxi, xDi, 0"Hxi,xr)i(xi), . . . ,e~\xi,x^)i(xk)) 

with the inverse of 9 and 0~^(xi, xDi the component of 0"^(xi,x7) on whence the assertion since 
U- X bj-eg X b^"^ is smooth. 

(ii) For (xi, . . . ,x^.) in b* and for (aij, 1 < /, j < k) in GLi.(k), 



k k 
7=1 ;=i 

So, ti(b*) is invariant under the action of GLi(k) in g*^ x defined by 

k k 
{aij, 1 < /, j < k).{xi ,Xk,yi ,yk) — (^ a,- yXy, 7=1,...,^,^ aijyj, j = l,...,k) 
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whence the assertion since "B^^-^ = G.Li{b^) and since the actions of G and GL/:(k) in g*^ x t)'^ commute. 

(iii) According to (i), G.W'j^ is a smooth open subset of 23l^\ Moreover, G.Wj^ is the subset of elements 
ix,y) such that the first component of x is regular. So, by (ii) and Lemma [L9] Wt = GLk(k). (G.WjJ, 
whence the assertion. 

(iv) According to Corollary 13. 8l (i). !B!j^^ is the image of G Xgh'^ by the restriction yx of y^'' to G b*^. 
Then Sl^^ \ is contained in the image of G Xg (b \ breg)*^ by yx- As a result (see Lemma [STTT i. 

dimS^\lV;t<« + ^(ba-2) 

whence the assertion. □ 

3.4. Let denote by <1) the map 

Let consider on l)^ the diagonal action of W{Jl). 



Sil)'') m^x^] P ^ {(xu. . . ,xk,yu. . . ,yk) ^ p{yu. ■ ■ 



Lemma 3.10. (i) For p in IlYB^^^^, p - if its restriction to ti(f)*^) equals 0. 

(ii) The map Q> is an embedding and its image equals k['B^^]*^. 

(iii) The subalgebras k[S(*^)]^ and ^{S{\)f'')^^^^ o/k[S[f^]<^ are equal. 

Proof, (i) Let p be in k[S®]*^ such that its restriction to ti(I)^) equals 0. Since 



\\mh{t).{x\,. . . ,Xk) ^{xi,...,Xk) 



for all {xi, . . . ,Xk) in b*^, the restriction of p to ti(b^) equals and p - since "B^^ = G.ii(b^). 

(ii) According to Lemma |3H(v), S(I)) equals k[X]^. Then S(I)*^) equals k[X*^]'^*. Moreover, O is the 
morphism of restriction from to !B^\ Hence <l>(S(f)*^)) is contained in k[S^^]'^ and O is an embedding 
by (i). 

For p in k[SlJ^], let denote by p the element of S(I))®*^ such that 

p{xu...,Xk) := p(xi,...,Xk,xi,...,Xk) 

Then the restriction of - (S>(p) to equals 0. Moreover, if p is in k[23!!^^]'^, p - (i>(p) is G-invariant 
so that p - 0(p), whence the assertion. 

(iii) For (xi, . . . ,xt) in l)*^, for w in W(3?) and for g„, a representative of w in NgQ)), one has 

(h'(xi), . . . ,w{xk),w{xi), . . . M^k)) = gwixu . . . ,Xk,w{Xi), . . . M^k)) 

so that the subalgebra k[S('=)]<^ of k['B^''^]'^ is contained in 0(S(I)'^))'^(^) by (ii). Moreover, since G is 
reductive, k['B^'^^]*^ is the image of (S(g)®'^)*^ by the restriction morphism. According to [J07. Theorem 2.9 
and some remark], the restriction morphism (S(g)®*^)*^ — > (S(f))®*^)'^'^^^ is surjective, whence the equality 
k[S«]G = 0(S(I)*^))'^(^). □ 

According to Lemma 13.101 S(f)*^) identifies with a subalgebra of k[Sn'^^] by O. The grading on S(g^) 
induces a grading on k[B®], k[B®], k[S^f^]. 

Proposition 3.11. The algebra i.['B^^^] is a free extension o/S(I))®*^. Moreover, for all graded complement 
M ofS+{tWBV^ in W^nh a basis of the k-space M is a basis o/k[Sf ] over S(I))*^ 
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Proof. Let recall that N'-*^^ is the subset of elements (xi, . . . ,Xk) of "B^*^^ such that xi,...,Xk are nilpotent and 
let recall that 77 is the canonical morphism from S^^^^ to 23 Let denote by t the morphism from S^*^ to 
whose comorphism is the injection of S(I))**^ into k[23n*^]. First of all, S®, f)®*^ and Ji^^^ have dimension 
fcbg + n, ki, {k + \)n respectively. Moreover, ri~^(H^^^) is the nuUvariety of S+(f)*^) in 25®. In particular, 
the fiber at (0, ... , 0) of t has minimal dimension. Since t is an equivariant morphism with respect to the 
actions of k* and since (0, . . . , 0) is in the closure of all orbit of k* in 1)*^, t is an equidimensional morphism 
of dimension dim23n*^ -diml)®'^. According to Corollary 13. 6l and IIKK73I1 . S^*^^ is Cohen-Macaulay. Then, 
by IIMA861 Theorem 23.1], k[S[f^] is a flat extension of S(I)f ^ 

Since M is a graded complement of S+(l)*^)k[23®] in k[23n*^^], by induction on /, 

mf^ = MS(i)*^) + (s+(i)^))'k[s(f>] 

Hence k[!Bjf^] = MS(I)*^) since k[23n*^^] is graded. By flatness, from the short exact sequence 

S+(I)*^) S{i>f^ ^ k ^ 

it results the short exact sequence 

®s(f,)®* k[s[f^] ®s(^)« k ^ o 

As a result, the canonical map M 0k S{i)f^ k[S|f^] is injective. Hence all basis of M is a basis of the 
S(f)f *^-module k[S[f^]. □ 

For yS in H, let denote by fjyj the kernel of /3 and let set: 

Zfi := {Hp, 0, . . . , 0) e {h*f h'_^ := (I)^ + u)* b'__^ , := h'_^ x (h*)'^ 

Then b'_^ is a B-module and one has a short exact sequence of B*^-modules 

^ kz^ X (b*)'-' (b*)' 

For m positive integer, let set: 

S,n,k := S-ab*)*^) SmM ■= 
and let denote by /i^ the canonical morphism 

lf{{G/B)\L{S,n,k)) }i\G/B,Lo{S,n,k)) 

Lemma 3.12. Let mbe a positive integer and let jibe a simple root. 

(i) For some complement M^+i o/z/jH°((G/fi)\ L{Sni,k)) in H*^((G/fi)\ LiSm+i^t)), 

Zf}U\G/B,Lo{Sn^,k))niu^^i{M^^i) - 

(ii) The intersection z^k[23n*^']m H k[23l^^]m+i is contained in Zy3k[25l^^],„. 
Proof, (i) From the short exact sequence of S'^-modules 

> Z/jSm,k > Sm+l,k > S m+\fi^k > 
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it results the morphism of exact sequences 

^n\{GIB)\L{zpSm,k)) 

^n\GIB,Lo{zpS,n,k)) 

n\{GIB)\L{Sm^i,p,u)) n\{GIB)\L{zpSm,k) 

hO(G/B, £o(5,„+i,^,i)) Hi((G/B)\ L^izpS m,k) 

since £ and Lq are exact functors. Moreover, since zp is an element of (b*)*^, invariant under B'^, for 

= 0, 1, 

YiK{GIB)\L{zpSm,k)) = Z/3lij{{G/B)'^,L{S,n,k)) 
W(G/B,Lo{zpS^,k)) - Z/3Uj{G/B,Lo{S,n,k)) 
According to Proposition I3.2[ (i). 

H\(G/B)\L(Sm,k)) = 

and according to Corollary l2.7l (iL'). 

li\G/B,Lo(Sm,k))^0 
whence the morphism of short exact sequences of G-modules 

lf{{G/Bf,L{z/3S,„,k)) lf{{G/Bf,L{S„^i,k)) h0((G/B)^ 

U\G/B, Loiz/iSm^k)) U\G/B, £o(5™+i,yt)) U\G/B, £o(5,„+i,/j,i)) 

Let M;^j be a complement of z^HO(G/B, £o(5m,^)) in H0(G/B, £o(5m+i,i)). Denoting by M;;^^ the in- 
verse image in M^^j of the image of the map 

H°((G/B)^£(5„,+l,^,i)) U\G/B,Lo{S,n+i/3,k)) 

fim^i(p-J,,(M'^,,)) = M;;^^^ so that 

//;'+i(M;^i) + Z^H^(G/B)^£(5™,,)) = H''((G/B)^ £(5,„+i,,)) 

As a result, a complement of Zy3H"((G/B)*^, L{Sni,k)) in f^~l^i{M'^^^)) verifies the condition of the assertion, 
(ii) Let recall the equality: 

k[B(f)], = H''(G/B,£o(5a)) 
for all positive integer /. Moreover, since "B^^ is a closed subvariety of X^, k[S®]i is the image of /i;. 



U\iG/B)\L{S,„^i,i,)) 
- ¥f(G/ B, Lo{S m+i,k)) ■ 
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Let if be in k[!B®],„ such that zp(f is in k[!Bl^^]„,+i. Then for some ijj in Yf'{{GIB)^,L{S ,n+\_^k))^ 
Z0 = yUm+i((A)- Let and be the components of if/ on M„,+i and z/3H°((G/6)^, £(5m,yt)) respectively. 
Denoting by if/' the element of H°((G/B)*', J^iS n,,k)) such that if/+ = zpip' , 

jUm+lCtAo) = Z/3{(fi - flmi^ff') 

According to (i), /Um+iiif/a) = and cp = /Umiif/'), whence the assertion. □ 

Proposition 3.13. The variety S!^^ is normal. In particular, "B^f^ = "B®, = yx and the normalization 
morphism of'B^'^^ is the restriction of m to "B^^K 

Proof. Let y6 be a simple root and let z be in I)*^ such that z/j and z are not colinear. Then z/j, z is a 
regular sequence in S(I)*). So, by Proposition 13.111 Zfj,z is a regular sequence in k[!B^f'*]. Let a and b be 
homogeneous elements of degree m in k[23l^^] such that az = bzp. Since zp,z is a regular sequence in 
k[23®], for some c in k[B®]„,_i, a = z^c and b = zc. Then by Lemma [3.12[ (ii). c is in k[!B^^],„_i since 
b IS m k[S!!^^]^. As a result, z/j, z is a regular sequence in k[!B||^^]. According to Lemma IJ!9l (iii) and (iv), 
!B|^^ is smooth in codimension 1. Then Sl^^ is normal by Serre's normahty criterion llBou98J §1, n°10, 
Theoreme 4], whence the proposition by Corollary |3.8l (i). □ 

Corollary 3.14. Let M be a graded complement ofk['B^''^]'^k['B^^^] in k[S(*^)]. 

(i) The space M contains a basis o/k[25**^] over S(I))®^. 

(ii) The intersection of M and S+(^'^)k[23n*^] is different from 0. 

Proof (i) Since M is a graded complement of k[S<*=)]^k['B('=)] in k[!BW], by induction on /, 

y-B®] = MkLS®]*^ + (k[B®]';^)'k[B(*^)] 

Hence k[S(*^'] = Mk[S(*^)]<^ since k[B(^)] is graded. Then, by Proposition |3ll3] WB^^ - MS(I)f^ In 
particular, 

= M + S+(t)*^)k[B[f)] 



Then M contains a graded complement M' of S+(l/)k[Si, ] in k[25j, ], whence the assertion by Proposi- 
tion [HI] 

(ii) Let suppose that M' = M. One expects a contradiction. According to (i), the canonical maps 

M ®t S(I))** k['B'^^] M ®k k[B®]<^ k[S®] 

are isomorphisms. Then, according to Lemma [T3] there exists a group action of on k[25n*^] extend- 
ing the diagonal action of W{5i) in S(I))*^ and such that k[!B^*^^]"'(^) - k['B^''^] since k[S(^)] n S(I))** - 
(^3(-jj)»i)W(K) Lemma [3jl(iii) and Proposition [3ll3] Moreover, since W{T) is finite, the subfield of 
invariant elements of the fraction field of k[!Bj^*^^] is the fraction field of k[!Bn*^^]'^^^\ Hence the action of 
W{5i) in k['Bjj^^] is trivial since k[Sn^^] and k['B'^*^^] have the same fraction field, whence the contradiction 
since (S(l)f *^)^(^) is strictly contained in S([)f ^ □ 

Corollary 3.15. The restriction ofy^ to y^^{Wk) is an isomorphism onto Wk- 
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Proof. Since the subset of Borel subalgebras containing a regular element is finite, the fibers of yx over 
the elements of Wk are finite. Indeed, according to Zariski Main Theorem HMuSSI §9], they have only 
one element since "B^^ is normal by Proposition 13.131 and since yx is projective and birational. So, the 
restriction of yx to y^^(Wi:) is a bijection onto the open subset Wk, whence the corollary by Zariski Main 
Theorem IIMu88l §9]. □ 

4. On the nullcone 

Let A; > 2 be an integer. Let / be the ideal of k['Bn'^^] generated by S+(I)*^) and let be the subscheme of 
S^f^ defined by /. 

Lemma 4.1. LetsetJ^^ ■- t]-^(H^% 

(i) The variety equals jniG Xg u^). 

(ii) The nullvariety of I in 23® equals ^^'^ ■ 

(iii) The scheme N is smooth in codimension 1. 

Proof (i) By definition, y'\J^^^^) ^ G Xb Then, since y - yn°?7, = y^iO Xb u^). 

(ii) Let Vj be the nullvariety of / in 23®. According to Lemma D.lOK ii). for {g,xi,. . . ,Xk) in G x b*^, 
Jniig, x\,. . . ,Xk)) is a zero of / if and only if jci, . . . ,Xk are nilpotent, whence the assertion. 

(iii) According to Lemma [T9l (i). one has an isomorphism of varieties 

U- X breg X b^^-l) {g,Xl,... ,Xk) ^ {g{Xl), . . . ,g{Xk)~u . . . ,JJ^) 

Let / be the ideal of k[breg x b^*^"'^] generated by the functions {xi, . . . ,Xk) i-> (v, xi), /= 1, v € I) 
and let Nq be the subscheme of breg x b*^*^"^^ defined by the ideal /. Then the above map induces an 
isomorphism of x Nq onto the open subset Wj^D N of N. For all x in Uj-eg x u^*^"^^ the tangent space 
of A'^o at X equals u^. Hence A^o is smooth and Wj^O N is smooth. Then, since A'^ is a subscheme of 23® 
invariant under the actions of G and GL<;(k), the open subset n A^ of A^ is smooth by Lemma [X9l (ii). 
By definition, Wk r]N = T]~^{Vk), whence the assertion by Corollary 12.3 1 (i) since rj is finite. □ 

Proposition 4.2. The variety Tsf® is a normal variety and I is its ideal of definition in k[23®]. In partic- 
ular, I is prime. 

Proof According to Corollary |3J4](i), kLS® ] is a flat extension of S(I))*^ Since S® is Cohen Macaulay, 
A'^ is Cohen Macaulay by |MA86, Corollary of Theorem 23.2]. According to Lemma l4~n (iii). A'^ is 
smooth in codimension 1. Hence A'^ is a normal scheme by Serre's normality criterion [lBou98j §1, no 
10, Theoreme 4]. According to Lemma l4~n (ii). !N® is the nullvariety of / in 23®. Moreover, [JNf® is 
irreducible as image of the irreducible variety G Xg u*^ by Lemma l4~n (i). Hence / is prime and Tsf® is a 
normal variety. □ 

Theorem 4.3. Let Iq be the ideal ofU'B^''^] generated by kL-B®]^. 

(i) The ideal Iq is strictly contained in the ideal of definition o/!N'^*^-' in k[23^*^]. 

(ii) The nullcone !N*^*^^ has rational singularities. 

Proof, (i) Since k[23*''^]J is contained in S+(I)*'), Iq is contained in /nk[23(*')]. According to Lemma lOl di) 
and Proposition I4i2l 7 nk[S®] is the ideal of definition of X*^*'^ in k[23^*^]. Let M be a graded complement 
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of k[:B(*^)]Jk[S<'=)] in k['B^^^]. According to Corollary I3l4l (ii). / n M is different from 0. Hence /q is 
strictly contained in / n k['B('^^], whence the assertion. 

(ii) According to Proposition 13.131 k['B^^^] is generated by k[B(*'] and SQ^f". So, the restriction to 
k[S(*^)] of the quotient map from k['Bn*^^] to k[7Nf^^] is surjective. Furthermore, the image of k[23'^'^^] by this 
morphism equals kL?^®] since - ?7"k>J'®), whence k['N^''^] = U'Nfl As a resuh, has rational 
singularities by Theorem 12.51 □ 



5. Main variettes 

Let denote by X the closure in Gr^(g) of the orbit of f) under B. According to Lemma [TTTl G.X is the 
closure in Grf(g) of the orbit of I) under G. 

5. 1. For a in % let denote by l)a. the kernel of a. Let set Va ■= i)a ® q" and let denote by the closure 
in Gr^(g) of the orbit of Va under B. 

Lemma 5.1. Let a be in Let p be a parabolic subalgebra containing h and let P be its normalizer in 
G. 

(i) The subset P.X o/Gr^(g) is the closure in Grf(g) of the orbit of I) under P. 

(ii) The closed set Xa o/Grf(g) is an irreducible component ofX \ B.f). 

(iii) The set P.Xa is an irreducible component of P.X \ P.I). 

(iv) The varieties X \ B.I) and P.X \ P.I) are equidimenional of codimension 1 in X and P.X respectively. 

Proof, (i) Since X is a B-invariant closed subset of Grf(g), P.X is a closed subset of Gr/'(g) by Lemma fLTl 
Hence P.I) is contained in P.X since I) is in X, whence the assertion since PI) is a P-invariant subset 
containing X. 

(ii) Denoting by //„ the coroot of a, 

lim exp(fadxQ,)( — Ha) - Xa 

t-ico 2t 

So Va is in the closure of the orbit of I) under the one parameter subgroup of G generated by adjc^^. As a 
result, Xa is a closed subset of X \ B.t) since Va is not a Cartan subalgebra. Moreover, Xa has dimension 
n - I since the normalizer of Va in g is I) + g". Hence X„ is an irreducible component of X \ B.t) since X 
has dimension n. 

(iii) Since X^ is a B-invariant closed subset of Grf(g), P.Xa is a closed subset of Grf(g) by Lemma [LTl 
According to (ii), P.Xa is contained in P.X \ P.I) and it has dimension dim p - £ - 1, whence the assertion 
since P.X has dimension dim p - 

(iv) Let Pu be the unipotent radical of P and let L be the reductive factor of P whose Lie algebra 
contains ad I). Let denote by A^l(I)) the normalizer of I) in L. Since B.I) and P.I) are isomorphic to U and 
L/Niii)) X Pu respectively, they are afiine open subsets of X and P.X respectively, whence the assertion by 
DEGAIVl Corollaire 21.12.7]. □ 



For X in V, let set: 



Vjc :^ span({ei(x), . . . ,e/;{x)}) 
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Lemma 5.2. Let A be the set of elements {x, V) of qxG.X such that x is in V. 

(i) For {x, V) in b X X (x, V) is in the closure ofB.{i)veg X (f)}) in b X Grf(b) if and only if x is in V. 

(ii) The set A is the closure in g X Grf(g) ofG.{^veg x {I)})- 

(iii) For (x, V) in A, Vx is contained in V. 

Proof, (i) Let A' be the subset of elements (x, V)ofhxX such that a; is in V and let A^ be the closure of 
B-Oheg X {!))) in b X Grf(b). Then A' is a closed subset of b x Gr^(b) containing Aq. Let (x, V) be in A'. 
Let £■ be a complement of V in b and let be the set of complements of E in g. Then is an open 
neighborhood of V in Gr^ (b). Moreover, the map 

Hom]t(V, E) Qe <P ' — > ^iv) '■= span({v + ^(v) \ v eV}) 

is an isomorphism of varieties. Let be the inverse image of the set of Cartan subalgebras. Then is in 
the closure of in Hom]t(V, E) since V is in X. For all ip in O^, (x + (p{x), K{ip)) is in A^. Hence (x, V) is 
inA^. 

(ii) Let (x, V) be in A. For some g in G, g{V) is in X. So by (i), {g{x), giV)) is in A^ and (x, V) is in the 
closure of G.{i)reg X in g X Grf(g), whence the assertion. 

(iii) For / = I, let A,- be the set of elements (x, V) of A such that e;(x) is in V. Then A,- is a closed 
subset of g X G.X, invariant under the action of G in g x Gr^(g) since e, is a G-equivariant map. For all 
(g, x) in G X [jj-eg, {g{x),g(i))) is in A; since £i{g{x)) centralizes g{x). Hence A,- = A since G.([)reg x {[))) is 
dense in A by (ii). As a result, for all V in G.X and for all x in V, ei(x), . . . ,e^(x) are in V. □ 

Corollary 5.3. Let (x, V) be in A a«(i let 3 fte f/ze centre of 

(i) r/ie subspace 3 contained in Vx and V. 

(ii) r/ie space V is an algebraic, commutative subalgebra of g. 

Proof, (i) If X is regular semisimple, V is a Cartan subalgebra of g. Let suppose that x is not regular 
semisimple. Let denote by 3 the centre of g^". Let 9i{gvs be the nilpotent cone of g^' and let Oreg be the 
regular nilpotent orbit of g^\ For all y in Qreg> Xg + j is in gj-gg and ei(xs +y),. . . ,e{{x^ + j) is a basis of 
gXs+y ||^o53[ Theorem 9]. Then for all z in 3, there exist regular functions on Oreg. <^\,z^ ■ ■ ■ ,<^t,z' such 
that 

z = ai^^(y)ei{x, +y) + --- + a{^^(y)e{{Xs + y) 

for all y in Oreg- Furthermore, these functions are uniquely defined by this equality. Since ^'Jgvs is a normal 
variety and since 9i{gvs \ Q^gg has codimension 2 in ^'Jgvs , the functions ai . . . ,a^^^ have regular extensions 
to . Denoting again by a,- , the regular extension of a,;, for / = I, . . 

z = aiy(y)ei{x^ +y) + --- + at^z(y)st{x^ + y) 

for all y in 9lgvs . As a result, 3 is contained in Vx. Hence 3 is contained in V by Lemma [5^ (iii). 

(ii) Since the set of commutative subalgebras of dimension i is closed in Grf(g), V is a commutative 
subalgebra of g. According to (i), the semisimple and nilpotent components of the elements of V are 
contained in V. For x in V \ 9i{g, all the rephca of Xg are contained in the centre of g^". Hence V is an 
algebraic subalgebra of g by (i). □ 
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5.2. For s in f), let denote by X'^ the subset of elements of X, contained in g*. 

Lemma 5.4. Let s be in I) and let 3 be the centre of q\ 

(i) The setX^ is the closure in Gr^(g*) of the orbit of\) under B^. 

(ii) The set of elements ofCX containing 3 is the closure in Gr^(g) of the orbit of I) under G\ 

Proof (i) Let set p :- g* + b, let P be the normaUzer of p in G and let Pu be the nilpotent radical of p. 
For g in P, let denote by g its image by the canonical projection from P to G^. Let Z be the closure in 
Gr^(g) X Gr^(g) of the image of the map 

B GrKb) X Gr^b) g ^ (g(I)), gm 

and let Z' be the subset of elements (V, V) of Gr^(b) x Gr^(b) such that 

y c g' n b and y c y © Pu 

Then Z' is a closed subset of Gr^(b) x Gr;(b) and Z is contained in Z' since (g(l)), g(l))) is in Z' for all g in 
B. Since Gr^(b) is a projective variety, the images of Z by the projections (V, V) V and (V, V) 1-^ V 

are closed in Gr;(b) and they equal X and B'.I) respectively. Furthermore, B^.]) is contained in X\ 
Let V be in X". For some V in Gr^b), {V, V) is in Z. Since 

V c g^ y c g^ y c y ® p^ 

y - y so that y is in B-M), whence the assertion. 

(ii) Since 3 is contained in !), all element of G*.!) is an element of G.X containing 3. Let V be in G.X, 
containing 3. Since y is a commutative subalgebra of and since g* n b is a Borel subalgebra of g*, for 
some g in G^, g(V) is contained in b n g*. So, one can suppose that V is contained in b. According to 
the Bruhat decomposition of G, since X is B-invariant, for some binU and for some w in WCJl), V is in 
bw.X. Let set: 

B"' :^ wBw"^ b'^ := I) © Ui © U3 
so that adb"' is the Lie algebra of B^ and w.X is the closure in Grf(g) of the orbit of I) under B^ . Moreover, 
u is the direct sum of Ui and U2. For / = 1,2, let denote by IJi the closed subgroup of \J whose Lie algebra 
is adu,-. Then U - U2U1 and b - b2b\ with bi in f/,- for i- 1,2. Since w~^(ui) is contained in u and since 
X is invariant under B, b2biw.X = b2W.X. Since &-i(y) is in W.X and since V is contained in b, 

^72^(y) cbnb"' = I)®ui 

Let set: 

U2,i := U2 n g^ U2,2 := U2 n p^ 
and for i — 1, 2, let denote by U2J the closed subgroup of U2 whose Lie algebra is adu2,,. Then U2 is the 
direct sum of ii2j and 112,2 and U2 = ?/2,i U2,2 so that b2 = ^2,1^2,2 with b2j in U2J for / = 1, 2. As a result, 
3 is contained in b~\{V) and ^2 2^3) contained I) © Ui. Hence ^2 2*-3-* ~ 3 since Ui n U2,2 = (0). 

Let suppose ^72,2 ^ 1- One expects a contradiction. For some x in U2,2, ^2,2 = exp(ad jc). The space U2,2 
is a direct sum of root spaces since U2 and Pu are too. Let ai, . . . be the positive roots such that the 
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corresponding root spaces are contained in 112,2- They are ordered so that for / < j, aj - or, is a positive 
root if it is a root. For / = 1, . . . , m, let c; be the coordinate of x at Xa, and let /q be the smallest integer 
such that Co i= 0. For all z in 3, 

^2,2(2) - z - Cioaig{z)Xa,^ e ^ 9""^ 

whence the contradiction since for some z in 3, aig(z) i= 0. As a result, ^2 i(^) element of w.X = B^.l), 
contained in g*. So, by (i), ^2 i(^) ^^'^ ^ G-^.f), whence the assertion. □ 

5.3. Let call a torus of g a commutative algebraic subalgebra of g whose all elements are semisimple. 
For X in g, let denote by Zx the subset of elements of G.X containing x and let denote by (0^)0 the identity 
component of G^. 

Lemma 5.5. Let x be in 5Rg and let Z be an irreducible component ofZ^. Let suppose that some element 
ofZ is not contained in 5Rg. 

(i) For some torus s o/g'^, all element of a dense open subset ofZ contains a conjugate of 5 under (G^)o- 

(ii) For some s in s and for some irreducible component Z\ of Z^+x, Z is the closure in Gr^ (g) of 
(G^)o-Zi. 

(iii) IfZi has dimension smaller than dimg*^'^ - t, then Z has dimension smaller than dimg-^ — i. 

Proof, (i) After some conjugation by an element of G, one can suppose that g'^ n b and g'^ n I) are a Borel 
subalgebra and a maximal torus of g'^ respectively. Let Zq be the subset of elements of Z contained in b and 
let (B^)o be the identity component of B^. Since Z is an irreducible component of Zx, Z is invariant under 
(G^)o and Z = {G^)o.Zo. Since (G''^)o/(S^)o is a projective variety, according to the proof of Lemma [LT] 
(G^)o.Zt is a closed subset of Z for all closed subset Z* of Z. Hence for some irreducible component Z* of 
Zq, Z = (G'^)o.Z*. According to Corollary 15. 3l (ii). for all V in Z*, there exists a torus s, contained in g^ n I) 
and verifying the following two conditions: 

(1) V is contained in s + (g'^ n u), 

(2) V contains a conjugate of s under (B'^)o- 

Let s be a torus of maximal dimension verifying Conditions (1) and (2) for some V in Z*. By hypothesis, 
5 has positive dimension. Let Zg be the subset of elements of Z* verifying Conditions (1) and (2) with 
respect to s. By maximality of dim s, for V in Z* \ Z5, dim V nu> i - dim s or dim V Du = £ - dim s and 
V is contained in s' + u for some torus of dimension dim s, different from s. By rigidity of tori, s is not in 
the closure in GrdimsCW of the set of tori different from s. Hence Z, \ Z5 is a closed subset of Z* since for 
all V in Z* \ Zs, dim V n u has dimension at least { - dims. As a result, (G'^)o.Zs contains a dense open 
subset whose all elements contain a conjugate of s under (G^)o. 

(ii) For some s in s, g* is the centralizer of s in g. Let Z* be the subset of elements of Z containing 
s. Then Z* is contained in Z^+x and according to Corollary I5.3l (i). Z* is the subset of elements of Z, 
containing s. By (i), for some irreducible component Z^ of Z\ (G^)o.Zj is dense in Z. Let Zi be an 
irreducible component of Z^+x, containing ZJ. According to Corollary I5.3l (ii). Zi is contained in Zx since 
X is the nilpotent component of s + x. So Zi = Z[ and (G^)o.Zi is dense in Z. 
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(iii) Since Z\ is an irreducible component of Z^+;c, Z\ is invariant under the identity component of G*"^^. 
Moreover, G^^^ is contained in since x is the nilpotent component of j + x. As a result, by (ii), 

dimZ < dim - dim g'^^ + dimZi 

whence the assertion. □ 



Let denote by Ch the G-invariant closed cone generated by h. 

Lemma 5.6. Let suppose g semisimple. Let Y be the closure in g x Gr^(g) of the image of the map 

X G ^ g X Gr^g) {t, g) ^ {tg{h), gm 

and let Tq he the inverse image of the nilpotent cone by the first projection. 

(i) The subvariety F o/g X Grf(g) has dimension 2n + 1. Moreover, T is contained in A. 

(ii) The varieties Ch and G.X are the images ofY by the first and second projections respectively. 

(iii) The subvariety Yq ofY is equidimensional of codimension 1. 

(iv) For X nilpotent in g, the subvariety of elements V ofG.X, containing x and contained in G(x), has 
dimension at most dimg^ - €. 

Proof, (i) Since the stabiUzer of (h, ^) in k* X G equals {1}XH,Y has dimension 2n + 1. Since tg(h) is in 
g(t)) for all (t, g) in k* X G and since A is a closed subset of g x Gr^(g), Y is contained in A. 

(ii) Since Gr^ (g) is a projective variety, the image of Y by the first projection is closed in g. So, it equals 
Ch since it is contained in Ch and since it contains the cone generated by G.h. Let n be the canonical map 
from g \ {0} to the projective space P(g) of g and let Y be the image of F n (g \ {0}) x Gr^(g) by the map 
(x, V) (7t(x), V). Since Ch is a closed cone, F is a closed subset of P(g) x Gr^(g). Hence the image of 
f by the second projection is a closed subset of Grf(g). So, it equals G.I) since it is contained in G.I) and 
since it contains G.I). As a result, the image of F by the second projection equals G.I) since it is contained 
in G.t) and since it contains the image of F by the second projection. 

(iii) The subvariety C/, of g has dimension 2n + 1 and the null variety of pi in C/, is contained in ?lg 
since it is the nuUvariety in g of the polynomials pi,... ,p(. Hence ?lg is the nuUvariety of p\ in Ch and 
Fq is the nuUvariety in F of the function (x, V) i-> p\{x). So Fq is equidimensional of codimension 1 in F. 

(iv) Let T be the subset of elements V of G.X, containing x and contained in G(x). Let denote by Fj- 
the inverse image of G.T by the projection from F to G.X. Then Yj is contained in Fq. Since x is in 
all element of T and since Yj is invariant under G, the image of Yj by the first projection equals G{x). 
Moreover, {x}y.T - {x} X G.X n Yj. Hence 

dimFj- = dimT + dimg - dimg^ 

By (i) and (iii), 

dim Yj < dim g - ^ 

since Yj is contained in Fq. Hence T has dimension at most dimg^ □ 
When g is semisimple, let denote by (G.X)u the subset of elements of G.X contained in SRg. 
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Corollary 5.7. Let suppose g semisimple. Let x be in 91g. 

(i) The variety {G.X)„ has dimension at most 2n - £. 

(ii) The variety Zx n (G.X)a has dimension at most dimg'^ - I. 

Proof, (i) Let T be an irreducible component of (G.X)u and let Ay be its inverse image by the canonical 
projection from A to G.X. Then A7- is a vector bundle of rank i over T. So it has dimension dim T + {. Let 
Y be the projection of Ay onto g. Since T is an irreducible projective variety, Y is an irreducible closed 
subvariety of g contained in 9Jg. The subvariety {G.X\ of G.X is invariant under G since it is so for 9lg. 
Hence Aj- and Y are G-invariant and for some y in S'Jg, Y = G(y). Denoting by Fy the fiber at y of the 
projection Aj — > F, V is contained in G(y) and contains y for all V in Fy. So, by Lemma l531 (iv). 

dim Fy < dim g-^ - £ 

Since the projection is G-equivariant, this inequality holds for the fibers at the elements of G{y). Hence, 

dim At < dim q - £ and dim T <2n - £ 

(ii) Let Z be an irreducible component of n (G.X)u and let T be an irreducible component of (G.X)u, 
containing Z. Let Aj- and Y be as in (i). Then G(x) is contained in Y and the inverse image of G{x) in Aj- 
has dimension at least dimG(x) + dimZ. So, by (i), 

dimG(;c) + dimZ < dimg - £ 

whence the assertion. □ 

Theorem 5.8. For x in g, the variety of elements of G.X, containing x, has dimension at most dimg^ - £. 

Proof. Let prove the theorem by induction on dimg. If g is commutative, G.X = {g). If the derived 
Lie algebra of g is simple of dimension 3, G.X has dimension 2 and for x not in the centre of g, g^ has 
dimension £. Let suppose the theorem true for all reductive Lie algebra of dimension strictly smaller than 
dim g. Let x be in g. Since G.X has dimension dim q - £, one can suppose x not in the centre of g. If 
X is not nilpotent, g^" has dimension strictly smaller than dim g and all element of G.X containing x is 
contained in g-^'^ by Corollary I5.3l (i). whence the theorem in this case by induction hypothesis. As a result, 
by Lemma [531 for all x in g, all irreducible component of Z^, containing an element not contained in 5Rg, 
has dimension at most dim g^ - £. 

Let 3g be the centre of g and let ;c be a nilpotent element of g. Denoting by Z[ the subset of elements 
of G.(I) n [g, g]) containing x, Zx is the image of Z^ by the map V 1-^ ^ + 3b' whence the theorem by 
Corollary O □ 

5.4. Let be in I) \ {0}. Let set p := g^ + b and let denote by Pu the nilpotent radical of p. Let P be the 
normalizer of p in G and let Pu be its unipotent radical. For a nilpotent orbit Q of G* in g*, let denote by 
the induced orbit by O from g* to g. 

Lemma 5.9. Let Y be a G-invariant irreducible closed subset of g and let Y' be the union of G-orbits 
of maximal dimension in Y. Let suppose that s is the semisimple component of an element x of Y'. Let 
denote by Q. the orbit of x^ under G* and let set Y\ := 3 + Q + Pu. 
(i) The subset Y\ of p is closed and invariant under P. 
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(ii) The subset G{Y\) of q is a closed subset of dimension dim 3 + dimG(x). 

(iii) For some nonempty open subset Y" of Y', the conjugacy class of Q^" under G does not depend on 
the element y of Y". 

(iv) For a good choice of x in Y", Y is contained in G{Y\). 

Proof, (i) By IIKo63[ §3.2, Lemma 5], G^ is connected and P - PuG\ For all 3^ in p and for all g in Pu, 
g(y) is in J + Pu. Hence is invariant under P since it is invariant under G". Moreover, it is a closed 
subset of p since 3 + Q is a closed subset of g*. 

(ii) According to (i) and Lemma [TTTl G{Yi) is a closed subset of g. According to IICMa931 Theorem 
7.1.1], n*n(n + Pu) is a P-orbit and the centraUzers in g of its elements are contained in p. So, for all y 
in n (Q + Pu), the subset of elements g of G such that g(y) is in Yi has dimension dimp since g(y) is in 
O + Pu. As a result, 

dimG(Fi) = dimG Xp Yi = dimpu + dimFi 
Since dim g'^ = dim g* - dim Q, 

dim Yi = dim 3 + dim Pu + dim g* - dim g-^ 
dimGC^i) - dim 3 + 2dim Pu + dim g* - dim g^ 
- dim3 + dimG(;c) 

(iii) Let x be the canonical morphism from g to its categorical quotient g//G under G and let Z be the 
closure in g/ /G of t(F). Since Y is irreducible, Z is irreducible and there exists an irreducible component 
Z of the preimage of Z in I) whose image in g/ /G equals Z. Since the set of conjugacy classes under G of 
the centralizers of the elements of f) in g is finite, for some nonempty open subset Z* of Z, the centralizers 
of its elements are conjugate under G. The image of Z* in g//G contains a dense open subset Z' of Z. Let 
Y" be the inverse image of Z' by the restriction of x to Y'. Then Y" is a dense open subset of Y and the 
centralizers in g of the semisimple components of its elements are conjugate under G. 

(iv) Let suppose that x is in Y". Let Zy be the set of elements y of Y" such that g-'" = q\ Then 
G.Zy = Y". For all nilpotent orbit Q of G' in g', let set: 

Fn = 3 + + Pu 

Then Zy is contained in the union of the Fq's. Hence Y" is contained in the union of the G(Fn)'s. 
According to (ii), G{Yq) is a closed subset of g. Hence Y is contained in the union of the G(7n)'s since Y" 
is dense in Y. Then Y is contained in G(7n) for some O since Y is irreducible and since there are finitely 
many nilpotent orbits in g*, whence the assertion. □ 

Theorem 5.10. (i) The variety G.X is the union ofG.l) and the G.Xp's, y6 e IT. 
(ii) The variety X is the union of U.l) and the Xa 's, a e 

Proof. Let 3g be the centre of g and let ji be the map 

GrK[g,g]) ^Gr,(g) V^3b + V 

and let set: 

Xd := B.(I)n[g,g]) := B.{Va n [g, g]) 
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for a in 3?+. Then X, G.X, X^, G.Xa are the images of X^, G.X^, X^^, CX^^ by fi respectively. So one 
can suppose g semisimple. 

(i) For a = I, Qis simple of dimension 3. In this case, G.X is the union of G.l) and G.cf. So, one can 
suppose £ >2. According to Lemma [5?Tl (iii). for is an irreducible component of G.X \ G.I). 
Moreover, for all yS in IT n W{Ji){a), G.Xa = G.Xg since Va and Vfj are conjugate under A^g(W- 

Let T be an irreducible component of G.X \ G.I). Let set: 

Ar :^ A n g X r 

and let denote by Y the image of Aj by the first projection. Then Y is closed in g since Grf(g) is a 
projective variety. Since Aj is a vector bundle over T and since T is irreducible, Aj is irreducible and 
Y is too. Since T is an irreducible component of G.X \ G.I), T, Aj and Y are G-invariant. According 
to Lemma ISTTl fiii). T has codimension 1 in G.X. Hence, by Corollary I5.7[ (i) Y is not contained in the 
nilpotent cone since I > 2. Let Y' be the set of elements ;c of F such that g^ has minimal dimension. 
According to Lemma [5^ (ii) and (iv), for xmn G-invariant dense subset Y" of Y' , 

dim 7 < dimG(.x:) + dim 3 

with 3 the centre of g^» and according to Theorem 15. 8 1 

dim At < dim G{x) + dim 3 + dim - € = dim g + dim 3 - ^ 

Hence Aj has dimension at most 2n + dims and dims - € - I since T has codimension 1 in G.X. Let 
X be in Y" such that x^ is in f). Then x^ is subregular and 3 is the kernel of a positive root a. Denoting 
by Sq, the subalgebra of g generated by g" and g"", g^*^ is the direct sum of I)q, and Sq,. Since the maximal 
commutative subalgebras of Sq, have dimension 1, a commutative subalgebra of dimension € of g^" is either 
a Cartan subalgebra of g or conjugate to Va under the adjoint group of g'^^ As a result, Va is in T and 
T = G.Va = G.Xa since T is G-invariant, whence the assertion. 

(ii) According to Lemma lSTTl di). for a in 3?+, Xa is an irreducible component of X \ B.I). Let gi , . . . ,g,n 
be its simple factors. For j = 1, . . . , m, let denote by Xj the closure in Gr^^ (gy) of the orbit of I) n g^. Then 
X = Xi X • • • xXm and the complement of B.f) in X is the union of the 

Xi X • • • xXy-i X {Xj \ B.(I) n gy)) X Xy+1 X • • • xX,„ 

So, one can suppose g simple. Let consider 

b ^ PoC • • • cpf ^ g 

an increasing sequence of parabolic subalgebras verifying the following condition: for / - 0, . . - 1, 
there is no parabolic subalgebra q of g such that 

Pr £ q £ q;+i 

For i = 0, . . . let P, be the normalizer of p; in G, let p;,u be the nilpotent radical of p; and let P, „ be the 
unipotent radical of Pi. For i = 0, . . and for a in let set X, := P,.X and X; „ := Pj.Xa. Let prove by 
induction on{ - i that for all sequence of parabolic subalgebras verifying the above condition, the X, q,'s, 
a e are the irreducible components of X,- \ P,-.I). 



32 



J-Y CHARBONNEL AND M. ZAITER 



For / = £, it results from (i). Let suppose that it is true for / + 1 . According to Lemma ISTl fiii). the X,,q,'s 
are irreducible components of X, \ P/.t). 

Claim 5.11. Let T be an irreducible component of X, \ such that P, is its stabilizer in P,+i. Then 
T - Xi^a for some a in 31+ . 

Proof. According to the induction hypothesis, T is contained in ^ for some a in 31+ . According to 
Lemma ISTTl dv). T has codimension 1 in Xj so that Pi+i.T and q, have the same dimension. Then 
they are equal and T contains for some x in breg such that x^^ is a subregular element belonging to I). 
Denoting by a' the positive root such that a'(jCs) = 0, g'^ = Va' since Va' is the commutative subalgebra 
contained in b and containing l)^' , which is not Cartan, so that T = Xi^a' ■ n 

Let suppose that X, \ P;.f) is not the union of the X,_q.'s, a e One expects a contradiction. Let T be 
an irreducible component of \ P,-.I), different from X, „ for all a. According to Claim l5?TT] and according 
to the condition verified by the sequence, T is invariant under P;+i. Moreover, according to Claim ISTTTl 
it is so for all sequence p'q, ■ ■ ■ ,v'/, of parabolic subalgebras verifying the above condition and such that 
p'. = P / for / = 0, . . . , /. As a result, for all simple root /? such that g~^ is not in p,-, T is invariant under the 
one parameter subgroup of G generated by adg"^. Hence T is invariant under G. It is impossible since for 
;c in g \ {0}, the orbit G{x) is not contained in p, since g is simple, whence the assertion. □ 

5.5. Let X' be the subset of g-^ with x in bpeg such that Xg is regular or subregular. For a in let denote 
by Qa the map 

k — > X 1 1 — > exp(?adxa).E) 

According to IISh94| Ch. VL Theorem 1], 9q. has a regular extension to P'(k), also denoted by 9q.. Let set 
Za ■- e„(pi(k)) and x; ■- BZa so that X'^ = U.\) U B.Va. 

Lemma 5.12. Let a be in and let V be in X. Let denote by V the image ofV by the projection x \-^x. 

(i) For X in I), x is subregular if and only ifVx = ^yfor some positive root. 

(ii) IfV-l)a, then Vj = l)a for some x in V. 

(iii) IfV = f)a, then V is conjugate to Va under B. 

Proof, (i) First of all, since ei,. . . ,E( are G-equivariant maps, Vx is contained in the centre of g'' for all x 
in g. Then for x in I), Vx is the centre of g^ by Corollary 15. 3[ (i). whence the assertion. 

(ii) Let suppose V = l)a. Then x is not regular semisimple for all x in V. Let suppose that jCj is not 
subregular for all x in V. One expects a contradiction. Since x^ and x are conjugate under B, for all x in 
V, there exists y in 3i+ \ {a] such that y{x) = 0. Hence V is contained in t)y for some y in 3i+ \ {a} since 
Ji+ is finite, whence the contradiction. Then by (i), for some x in V, Vj = l^a since x^ and x are conjugate 
under B. 

(iii) Let suppose V = l)a- By (ii), Vj = I)q, for some x in V. Let be in B such that ^(a's) = x. Then b{V) 
centralizes f)Q, by Corollary |5.3[ (i). Moreover, b{V) is not a Cartan subalgebra since V does not contain 
regular semsimple element. The centralizer of in b equals f) + g" and V^ is the commutative algebra of 
dimension £ contained in t) + g'^ which is not a Cartan subalgebra, whence the assertion. □ 
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Corollary 5.13. Let a be a positive root. 

(i) The subset X'^ ofX is open. Moreover, G.X'^ is an open subset ofG.X. 

(ii) The set X' ofX is a big open subset ofX. Moreover, G.X' is a big open subset ofG.X. 

Proof, (i) Let prove that X'^ is a neighborhood of Va in X. Let denote by Ha the coroot of a and let set: 

Let be the set of subspaces V of b such that £ is a complement of V in b and let Q.'^ be the complement 
in X n Q.E of the union of the Xy's, y eOl+X {a}. Then is an open neighborhood of Va in X. Let V be in 
such that V is not a Cartan subalgebra and let denote by V its image by the projection x \-^x. Then V 
is contained inV + u so that f) = kHa + V. Since V is not a Cartan subalgebra and since it is commutative, 
V n I)reg is empty. Hence V = \)y for some positive root y. According to Lemma l5.12[ (iii). V is conjugate 
to Vy under B. Then a = y and V is in X'^ since V is not in Xs for all positive root 6 different from a. 
Hence is contained in X'^ so that X'^ is a neighborhood of Va in X. As a result, X'^ is an open subset of 
X since it is the union of B.Va and the open subset U.i) of X. Hence G.{X \ X'a) is a closed subset of G.X 
by Lemma [TTtI whence the assertion. 

(ii) By definition, X' is the union of the X^'s, a eJl+. Hence X' is an open subset of X by (i). Moreover, 
by Theorem l5.10[ (ii). X\X' is the union of the Xa \ X"s, a e Then X' is a big open subset of X since, 
for all a, Xa \ X' is strictly contained in the irreducible subvariety Xa of X. 

Since G.X' is the union of the G.X'a's, a e 01+, G.X' is an open subset of G.X by (i). Moreover, by 
Theorem EiniCi), G.X \ G.X' is the union of the G.X/j \ G.X"s, /3 € H. Hence G.X' is a big open subset of 
G.X since, for all /3, G.Xp \ G.X' is strictly contained in the irreducible subvariety G.X^ of G.X. □ 

For a a positive root, let set: 

■■= ®ye:RAM - exp(adg-) 

and let denote by Ta the normalizer of I)^), in B. 

Lemma 5.14. Let a be a positive root. 

(i) Let denote by ^a the map 

Sq, X k — > U (x, t) I — > exp(adx)exp(fadxQ.) 

Then Ha is injective. 

(ii) The subgroups Ta and HU{a) ofB are equal. 

(iii) The map x exp(adx)(f)Q,)/rom Ea to B.\)a is an isomorphism onto an open subset of B.i)a- 

Proof, (i) Let ai, . . . ,a„ be the positive roots ordered so that for / < j, aj - a,- is a positive root if it is a 
root. Let / be the index such that ai = a and let set: 

'~ ©;>/ 9"' Ui — exp(adu/) 

Then u/ is an ideal of u and Ui is a closed invariant subgroup of U. Furthermore, the image of g" in u/u/ 
is contained in its centre. Let ni be the canonical morphism from u to u/u/. 
Let (x, t) and (x', ?') be in £"0. x k such that Paix, t) - i^aix', t'). Then, in U lUi, 

exP[//j/,(7!-/(x)) txpuiu^itniixa)) ^ expjjjjj^{7Ti{x')) expu/y^it'niixa)) 
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since U is the simply connected group whose Lie algebra is w, whence 

tx^uiu^iniix) + tniixa)) = exp[;/j;,(7r/(x') + t'ni{Xa)) 

so that 7r/(x) + tni{xa) = ni{x') + t'ni{xa). As a result, t - t' and x - x' . 

(ii) The normaUzer of ))a in b equals f) + so that HU{a) is contained in Ta, whence the assertion since 
all closed subgroup of U is connected. 

(iii) Let x and x' be in such that exp(adx)(I)Q.) = exp(adx')(I)a)- According to (ii), exp(-adx') exp(adx) 
is in U{a) since it is unipotent. So by (i), x = x'. As a result, the map x i-^ exp(adx)(t)ft) is an injective 
morphism from Ea to B.I)^^, whence the assertion by Zariski Main Theorem ||Mu881 §9] since Ea and 

are smooth varieties of the same dimension. □ 

Let y be the subvariety of elements {V, V) of Gr^(g) x Grf_i(g) such that V is contained in V. 

Lemma 5.15. Let a be in 3?+ and let set: Fq, := ^ n (X^ x B.\)a)- 

(i) The variety Ya is a smooth open subset of^ n X x B.lja. Moreover, Ya = B.{Za x {l)a})- 

(ii) The first projection from Ya to X'^ is injective. 

(iii) The subset G.Ya of^ is the intersection of^ and G.X'^ X G.I)^. 

(iv) The fibers of the first projection from CY^ to G.X'^ are finite. Moreover, the fiber over Va has one 
element. 

(v) The first projection from G.Ya to G.X'^ is a finite morphism. 

(vi) The variety G.Ya is smooth. 

Proof, (i) According to Corollary I5.13l (i). X'^ is an open subset of X. Hence Ya is an open subset of 
y n X X By definition, X; = B.Z„. For {g,g') inBxB and for V in Z„, {g{V),g'Q)a)) is in y if 

and only if f)Q, is contained in (g'T^giV). Since the centralizer of \)a in b equals q" + 1) and since V is a 
commutative algebra, ig')~^giV) is in Zq. in this case. Hence Ya = B.{Za x {I)q^)). 

Let set: O := exp{a.dEa)ii)a). According to Lemma l5.14[ (iii). O is an open subset of B.l)a and there 
exists an isomorphism (p from O to Ea such that </)(exp(adx)(I)Q.) = x for all x in Ea. Let O be the inverse 
image of O by the second projection from Ya to B.I)^. Then O is an open subset of Ya and Ya = B.O. The 
map 

Ea X Zq. — > (5 (x, V) i — > (exp(adx)(V),exp(adx)(I)Q.)) 

is an isomorphism whose inverse is the map 

— > Ea X Zq, U I — > (^(tD-2(M)),exp(-adcT2(M))(c7i(M))) 

with tiTi and ct2 the canonical projections from O to X^ and O respectively. Then O and are smooth 
since Za is smooth. 

(ii) Let V be in X^ and let and V'^ be in B.t)^ such that (V, and {V, V'^) are in 7^. For some g 
in B, g{V) is in Z^. If V is not a Cartan subalgebra, g{V) = Va and giV[) = ^(Vp = I)q. since ]:)a is the 
set of semisimple elements of Va. Let suppose that g(V) = f). Then g(yj) and ^(Vj) are subspaces of I) 
contained in B.l)a. Since g is in B and since V[ and V2 are contained in b, IJq. is the image of g(V[) and 
g(V2) by the canonical projection from b to f). Hence g(V[) = giVj). 

(iii) and (iv) Since y is G-invariant, G.Ya is contained in y n G.X^ x G.l)a. Moreover, G.Ya = G.{X'^ x 
{!)«}) by (i). Let (V, V) be in y n G.X^ x G.I)„. For some g in G, g(V) is in Z„. If V is not a Cartan 



COMMUTING VARIETY 



35 



subalgebra, g(V) = Va and g{V') = l)a since t)Q, is the set of semisimple elements contained in Va- Let 
suppose g{V) = I). Then g(V') is an element of G.l)a contained in I). In particular, g{V') = i)y for some 
positive root y since g{V') does not contain regular elements. Moreover, w{y) = a for some w in WiJi) 
since giV) is in G.l)a, whence wg{V') = i)a- As a result, (V, V) is in G.Ya and there are finitely many V" 
in G.l)a such that (V, V") is in G.Fq, since the Weyl group is finite. 

(v) Since the orbit of a under WiJl) contains a simple root j3, G.Ya = G.Y/j and G.X'^ = G.X'^. Let set: 

e 9' 

re3i+\{y3| 



According to (iv) and (iii), since G.Yr is a projective variety, it suffices to prove 



G.Y^ n G.X' X Gr^_i(g) c G.X' x G.i}^ 



According to (i) and Lemma O G.Y/^ = G.B.{Zp x Let {V, V) be in G.Yp such that V is in X'^. 

Then, for some g in G, (^(V), giV)) is in B.(Zyj x {I)^)) so that g( V) is contained in \)p + up. Since V is in 
X^, for some b in B, bg{V) is in Zg and bg{V') is contained in (1)^3 + u^) n (f) + cj^). Hence bg{V') = l)^ and 
y is in G.l)^, whence the assertion. 

(vi) As in (v), it suffices to prove that G.Fyj is smooth for /i in H. Let denote by Syj the subalgebra of 
g generated by and g"^. Let be the normalizer of I)^? in G and let Z^ be the closure in Gr^(g) of the 
orbit of I) under T^. Since the normalizer of l)^ in g equals I) + Sy?, Z^ is the set of subspaces of g generated 
by i)fj and an element of sg \ {0} so that Z^ is isomorphic to P^(k). Moreover, G.Y^ equals G.(Z^ X {I)^}) 
since G.Yp = G.{Zp x by (i), and one has a commutative diagram 



G XT' iZ' X (I)^)) 




G/r X G.}> 



The canonical projection G.Yp G.\)p gives a morphism G.Fyj — > G/T^ whence an inverse of the 
diagonal arrow. Hence G.Yp is isomorphic to G x^^ (Z^ x {1)^3)) so that G.y^g is smooth since G/T^ and 
Z^ X {1)^} are smooth. □ 

Let denote by X^ and {G.X\ ffie normalizations of X and G.Z and let denote by 6o and 6 the normal- 
ization morphisms Xn — > X and {G.X\ G.X respectively. 

Proposition 5.16. (i) The set Q-\G.X') is a smooth big open subset of (G.X)^ and the restriction ofQ to 
Q~^(G.X') is a homeomorphism onto G.X'. 

(ii) The set 6q'(X') is a smooth big open subset ofX^ and the restriction of Qq to 6q^(X') is a homeo- 
morphism onto X'. 

(iii) For a in the map 

Ea X %\Za) — > X (x, V) 1-^ exp(adx).y 
is an isomorphism onto an open neighborhood ofQ^^iZa) in X^. 
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Proof, (i) According to Corollary |5l3](ii), Q-\G.X') is a big open subset of {G.X\. By definition, G.X' 
is the union of the G.X'^'s, a e So, it suffices to prove that for a in Q~^{G.X'^) is smooth and the 
restriction of 6 to Q~^{G.X'^) is injective since 9 is closed and surjective as a finite dominant morphism. 

According to Lemma l5.15[ (v) and (vi), the canonical projection from G.Ya to G.X'^ factorizes through 
the restriction of 9 to Q^^{G.X'^y) since 9"^(G.X'j) is the normalization of G.X'^, whence a commutative 
digram 

G.Y„ 

G.X'„ 

with 9n finite and surjective. Since G.f) is a smooth open subset of G.X, the restriction of 6 to 6~^(G.f)) is 
an isomorphism onto G.I). Let xi and X2 be in 9~^(X'J such that 9(jci) = 9(x2) - Va- For some yi and j2 
in G.F^, Qniyj) = Xj for j = 1,2. According to Lemma l5.15l (iv). y\ = yi since their projections on G.X'„ 
are equal to Va, whence x\ = X2- As a result, the restriction of 9 to 9~^(G.X^) is injective. In particular, 
e-\X'J is the union of 9 ^{G.l)) and a G-orbit of codimension 1 since it is so for G.X^. Then 9 ^(G.Z^) 
is smooth since a normal variety is smooth in codimension 1. 

(ii) According to Corollary I5.13l (ii). Qq^(X') is a big open subset of X^. For a in 01+, according to 
Lemma [5T5l (i) and (ii), Ya is the normalization of X'^, and the normahzation morphism is bijective. Then, 
since the Fq,'s are smooth and since X' is the union of the X^'s, a € 01+, Q~^{X') is smooth and the 
restriction of 9o to 9q'(X') is a homeomorphism since 9o is closed and surjective as a finite dominant 
morphism. 

(iii) Let a be in 01+ and let t, be the map 

Ea X Q^\Za) B^\X'J (x, V) ^ exp(adx).V 

Let (x, V) and (x', V) be in £"„ x Q-\Za) such that ^(x, V) = ^(x', V). If 9o(V) is a Cartan subalgebra, 
then 9o(V) is too and 9o(V) = exp(fadxa)(I)) and 9o(V") = exp(f'adxQ,)(I)) for some {t, t') in so that 

exp(adx)exp(fadxQ.) = exp(adx')exp(?'adxQ,) 

whence x = x' and V = V by Lemma [5TT4T i). If 9o{V) is not a Cartan subalgebra, then Qo{V) = 9o(V') - 
Va and exp(-adx)exp(adx') normalizes Va- Since q" is the normalizer of Va in u, for some t in k, 

exp(-adx) exp(adx') = exp(fadxQ.) 

whence x = x' by Lemma l5.14[ (i). As a result, t, is an injective map. Since Ea x 9q^(Zq,) and 9q'(X^) 
have the same dimension and since they are smooth varieties by (iii), t, is an open immersion by Zariski 
Main Theorem HMuSSI §9], whence the assertion. □ 



Q-\G.X'J 
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6. On the generalized isospectral commuting variety 
Let ^ > 2 be an integer. Let recall the commutative diagram 

GxBh'^ -S® 

and let recall that in is the canonical closed embedding of b*^ into S^^^ Let denote by C^*^ the closure of 
G.f)*^ in with respect to the diagonal action of G in g*^ and let set C^^^^ \- t]~^{Q^^''). The varieties C*^*^^ and 
C[f^ are called generalized commuting variety and generalized isospectral commuting variety respectively. 
For k = 2, Q'^^ is the isospectral commuting variety considered by M. Haiman in liHa99l §8] and l|Ha021 
§7.2]. 

6.1. Let set: 

:= {(m,xi, . . . ,Xi-) e X X h'' \ u 3 xi, . . . ,u 3 xi,} 

Lemma 6.1. Let denote by the intersection of E^'^^ and U.\) x (greg.ss ^ 6)*^ and for w in W{01), let 
denote by 0^ the map 

— > X I)* (m, xi, . . . ,Xk) I — > (xi, . . . ,Xk, w(xD, . . . , w(x^)) 

(i) Denoting by ^o,/t the image of E^^^ by the projection {u,x\,... ,Xk) > (xi, . . . ,Xf,), Xo./t the closure 
ofBJc)^ in and C^^^ is the image of G x ^o^jc by the map (g, xi, . . . ,Xjt) (g(xi), . . . ,g{xk))- 

(ii) For all w in W{Jl), O^iE^'"'*^) is dense in e„{E^'''>). 

Proof, (i) Since X is a projective variety, 3£o,<: is a closed subset of h^. The variety E^^^ is irreducible of 
dimension n + k£ as a. vector bundle of rank k£ over the irreducible variety X. So, B.{{i)} x l)^) is dense in 
E'^^^ and Xo,A: is the closure of B.\)'^ in b*^, whence the assertion by Lemma [L7l 

(ii) Since U.\) x (greg.ss ^ b)'^ is an open susbet of X x b'^, £'('^'*) is an open subset of E''''K Moreover, it is 
a dense open subset since E'-''^ is irreducible as a vector bundle over the irreducible variety X, whence the 
assertion since 6^ is a morphism of algebraic varieties. □ 

6.2. Let sheinfj and let G" be the centralizer of s in G. According to IIKo63[ §3.2, Lemma 5], is 
connected. Let denote by the set of roots whose kernel contains s and let denote by WiOls) the Weyl 
group of 3?v. Let 3v be the centre of g'. 

Lemma 6.2. Let x = (xi, . . . ,X/t) be in Q^^^ verifying the following conditions: 

(1) s is the semisimple component of x\, 

(2) for z. in Px, the centralizer in g of the semisimple component ofz has dimension at least dimg"*. 
Then for i = \,. . . ,k, the semisimple component of Xi is contained in Jv- 

Proof. Since x is in e®, [xi, xj] = for all (/, 7). Let suppose that for some /, the semisimple component 
x,-,s of Xi is not in 3^. One expects a contradiction. Since [xi, x,] = 0, for all t in k, 5 + fx,-s is the semisimple 
component of xi + fx,. Moreover, after conjugation by an element of G\ one can suppose that x,_s is in 
I). Since 3? is finite, there exists t in k* such that the subset of roots whose kernel contains s + tXi^^ is 
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contained in 3?^. Since a;,- s is not in g^, for some a in "Jl^, a{s + tXj^s) ^ that is g^"*""^'-» is strictly contained 
in g*, whence the contradiction. □ 

For w in W{T), let set: 

Cv, G'wB/B B'' := wBw'^ 

Lemma 6.3. l|Hu95[ §6.17, Lemma] Let 93 be the set ofBorel subalgebras of Q and let 93^ be the set of 
Borel subalgebras of g containing s. 

(i) For all w in is a connected component of 23,v. 

(ii) For (w, w') in x C„ = O if and only ifw'w-^ is in 

(iii) The variety is isomorphic to /{G^ n B^"). 

For X in 'B^'^\ let denote by 93^ the subset of Borel subalgebras containing P^. 

Corollary 6.4. Let x = (xi,...,Xyt) be in Q^^K Let suppose that x verifies Conditions (1) and (2) of 
Lemma W^ Then the Cv, Pi '&x's, w in are the connected components of^x- 

Proof. Since a Borel subalgebra contains the semisimple component of its elements and since s is the 
semisimple component of x\, '$>x is contained in 93^. As a result, according to Lemma l63] (i). every 
connected component of 93_f is contained in €„ for some w in W{'Ji). Let set x^ :- {x\^n, ■ ■ ■ ,Xk,n)- Since 
[xi, Xj] = for all (/, 7), P^ is contained in g^. Let 93^ be the set of Borel subalgebras of g* and for y in 
(g*)^, let 93y be the set of Borel subalgebras of g* containing Py. According to l|Hu951 Theorem 6.5], 93*_^ 
is connected. Moreover, according to Lemma ld!2] the semisimple components of . . . ,;cjt are contained 
in 3.S so that 93^,^ = 93^. Let w be in VK(3?). According to Lemma 1631 (iii). there is an isomorphism from 
93* to C,v. Moreover, the image of 93;^ by this isomorphism equals n 93;^, whence the corollary. □ 

Corollary 6.5. Let x = {x[,. . . ,Xk) be in verifying Conditions (1) and (2) of Lemma \6.2\ Then ri~^{x) 
is contained in the set of the (xi, . . . ,Xk, w(xi^s), . . . ,w{xk^f;))'s with w in WCJl). 

Proof. Since y = rj^jn, is the image of y^\x) by y^. Furthermore, is constant on the connected 

components of y~^{x) since r]~\x) is finite. Let C be a connected component of y~^{x). Identifying 
G Xfi with the subvariety of elements (u, x) of 93 x g*^ such that Px is contained in u, C identifies with 
n 93;c X {x] for some w in by Corollary 16.41 Then for some g in G" and for some representative 
gw of w in Ncii)), ggw{i>) contains Px so that 

yn(C) = {(xi, . . . ,Xk, iggwy\xi), (ggwy^Xk))] 

By Lemma [631 xi s, . . . ,xj-_s are in so that w'^Cx, ,;) is the semisimple component of iggw)~^ixi) for 
i = I, . . . ,k. Hence 

rn(C) = {(Xi, . . . ,Xk,W'\xis), ■ ■ ■ ,W~\xk,s))} 

whence the corollary. □ 

Proposition 6.6. The variety C''^^ is irreducible and equal to the closure of G.inii)'^) in 'B^^\ 

Proof. Let denote by G.in(f)*^) the closure of G.in(f)*^) in "B^^K Since 77 is G-equivariant, 77(G.tn(I)*^)) = 
G.f)*^. Hence t]{G .Ln(i)'^)) - Q''^^ since 77 is a finite morphism and since C^*^^ is the closure of G.l)^ in g*^ 
by definition. Moreover, G.in(f)*^) is irreducible as the closure of an irreducible set. So, it suffices to 
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prove C^f^ - G.in(t)*^). In other words, for all x in S'^*^\ rj ^{x) is contained in G.tn(f)*^). According to 
Lenuna [3.9[ (ii). is a GLi;(k)-variety and 77 is GL;;:(k)-equivariant. As a result, since e^'^) and G.Lnit) 
are invariant under GLi:(k), for x in r]~^{x') is contained in G.in(I)*^) for all x' in such that Pv' - P.x 
if 77"^(a:) is contained in G.Lnilfy. Then, according to Lemma [6!2l since 77 is G-equivariant, it suffices to 
prove that r]~^{x) is contained in G.tn(f)*^) for x in C^*^^ n b*^ verifying Conditions (1) and (2) of Lemma 16.21 
for some s in I). 

According to Corollary 16.51 

T]~\x) C {(Xi,. . . ,Xk,w(XiJ, . . . MXk,s)) I W € WiOl)} with X = (.Xi, . . . ,Xk) 

For 5 regular, P;^ is contained in f) and x, = x, s for / = 1, . . . , ^. By definition, 

(w(xi), . . . M^k), w(xi), . . . ,w{xk)) e in(I)*') 
and for a representative of w in Ndi)), 

g„\{w{Xi), . . . ,w(Xyt), w(Xi), . . . ,w(Xi)) ^ (Xi, . . . ,Xi, w(xi), . . . M^k)) 

Hence 77"' (x) is contained in G.tn(I)*^)- As a result, according to the notations of Lemma l6n for all w 
in e„{E^^^*^) is contained in G.tn(I)*^). Hence, by Lemma [6H(ii). eiwCf^*^)) is contained in G.in(t)*), 

whence the proposition. □ 

6.3. According to Corollary 13. 8l (iii). the variety m^^i'B^^^) is invariant under the action of in 
and according to Proposition 13. 131 S^f^ is an irreducible component of 77"^ (23^*^^) and 77 is the restriction of 

Lemma 6.7. Let &e the restriction to S(I))®* o/f/ze canonical map from k['Bn^^] to k[Cn^^]. 

(i) The subvariety Sjif'* 0/ X* is invariant under the diagonal action of W{Jl) in X^. 

(ii) The map ^ is an embedding ofSi^f" into k[ejf^]. Moreover, ^(S(I))**^) equals k[e^*^^]^. 

(iii) The image o/(S(I))**^)"'(^) by ^ equals kCC^*^)]"^. 

Proof, (i) For all w in and for all representative gw of w in 

(xi, . . . ,Xk,w{xi), . . . ,w{xk)) = g~K{w{xi), . . . ,w{xk),w{xi), . . . M^k)) 

for all (xi, . . . ,xic) in I)*^. As a result, for all w in W{01), w.inCI)*^) is contained in G.tn(f)*^). Hence G.L„(i)'^) 
is invariant under the diagonal action of W{31) in since the actions of G and W(IR)'^ in X*^ commute, 
whence the assertion. 

(ii) According to Proposition 13 . 1 3 1 and Lemma l3.10l (ii). S(I))** equals k[!B^*^^]'^. Moreover, for all P in 
SCf))***^ and for all x in f)*^, P°7n(.'c) - P(x). Hence Y is injective by Proposition 16.61 Since G is reductive, 
k[C®]'^ is the image of k[23n^^]^ by the quotient morphism, whence the assertion. 

(iii) Since G is reductive, k[S^*^^]^ is the image of k[23^*^^]'^ by the quotient morphism, whence the 
assertion since {S{\)f'')^^^^ equals k[-B^''^f by Lemma[3ll0l(iii)- □ 



Let identify SQ)f'' to a subalgebra of kie^] by 
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Proposition 6.8. Let e*f-* and Q'J^^ be the normalizations ofQ^^^ and Q*-^^. 

(i) The variety C^*^^ is the categorical quotient of under the action of W{'Jl). 

(ii) The variety C^*^ is the categorical quotient of under the action of VK(3?). 

Proof (i) According to Proposition EIll kCS^f^] is generated by k[S(*^)] and S(I))**^. Since 6® - 77-1(6®) 
by Proposition l6.6[ the image of k[B(*^)] in k[ei^^] by the restriction morphism equals k[e®]. Hence k[ejf^] 
is generated by k[eW] and S(I)f ^ Then, by Lemma[6Jl(iii), k[e[f^]^(^^ - k[e(*^)]. 

(ii) Let K be the fraction field of k[e|f^]. Since is a lV(3i)-variety, there is an action of W{'3l) mK 

and K^^^^ is the fraction field of k[e^*'^]"'(^) since WiOl) is finite. As_a^result, the integral_closure kLS^*'^] 

of k[e^f^] in K is invariant under W(3?) and k[eW] is contained in k[e[f^]. Let a be in k[e[f^]^(^'. Then a 
verifies a dependence integral equation over k[Sn*^^], 

a™ + a^-ia'"'^ H + ao = 

whence 

since a is invariant under VK(3?) so that a is in k[CW], whence the assertion. □ 



7. Desingularization 

Let ^ > 2 be an integer. Let X, X', X^, Qq be as in Subsection 15.51 Let denote by X^ the inverse image 
of X' in Xa- According to Proposition 15.161 X'^ is a smooth open subset of X^ and according to ||Hir641 . 
there exists a desingularization (F, n^) of X^ in the category of B- varieties such that the restriction of TTn 
to n~^{X^) is an isomorphism onto X^. Let set n = Qo°^n so that (F, ;r) is a desingularization of X in the 
category of B- varieties. Let recall that 3£o,i is the closure in of 5.1)*^ and let set 3£yt := G Xg Xq^Jc- Then 
Xjc is a closed subvariety of G Xg b*^. 

Lemma 7.1. Lef £ Z>e f/ie restriction to X of the tautological vector bundle of rank € over Gr^(b) and let 
t' be the canonical morphism from E to b. 

(i) The morphism r' is projective and birational. 

(ii) Let V be the canonical map from n*{E) to E. Then r :- t'°v is a B-equivariant birational projective 
morphism from n*{E) to b. In particular, n*{E) is a desingularization ofh. 

Proof, (i) By definition, E is the subvariety of elements (u, x) of X x b such that x is in m so that r' is the 
projection from E to b. Since X is a projective variety, t' is a projective morphism and t'{E) is closed in 
b. Moreover, t'{E) is S-invariant since t' is a B-equivariant morphism and it contains I) since !) is in X. As 
a result, t'(E) = b. By (i), for x in f)reg, (^O H-^) = {(f)^ x)) since g'^ = I). Hence t' is a birational morphism 
since B.l)reg is an open subset of b. 

(ii) Since £" is a vector bundle over X and since tt is a projective birational morphism, v is a projective 
birational morphism. Then t is a projective birational morphism from 7t*{E) to b by (i). It is B-equivariant 
since v and r' are too. Moreover, n*{E) is a desingularization of b since n*{E) is smooth as a vector bundle 
over a smooth variety. □ 



COMMUTING VARIETY 



41 



Let denote by \fj the canonical projection from n*{E) to Y. Then, according to the above notations, one 
has the commutative diagram: 



n*{E) 




X 



Lemma 7.2. Let E^^'' be the fiber product n*{E) • • • ^*{E) and let be the canonical morphism 
from E^'^^ to b*^. 

(i) The vector bundle E^'^^ over Y is a vector subbundle of the trivial bundle Y x b*^. Moreover, E^'^^ has 
dimension M + n. 

(ii) The morphism Tt is a projective birational morphism from E'^^^ onto Xo.i- Moreover, E^^^ is a 
desingularization ofXo^k in the category of B -varieties. 

Proof, (i) By definition, is the subvariety of elements {u,xi,... ,Xic) of F X b* such that xi,. . . ,Xk are 
in n(u). Since X is the closure of B.I), X and Y have dimension n. Hence E'^^^ has dimension M + n since 
E^^^ is a vector bundle of rank ki over Y. 

(ii) Since F is a projective variety, tu is a projective morphism and TtiE^^^) = Xq^^ by Lemma [Ol d). 
For (xi , . . . ,Xk) in bjgg t^^{x\,. . . ,Xk) = {{q^' ,{xi, . . . ,Xk))} since g'^' is a Cartan subalgebra. Hence 
is a birational morphism, whence the assertion since is a smooth variety as a vector bundle over the 
smooth variety F. □ 

Let set 9) := G Xg (F x b*^). The canonical projections from GxFxb^toGxF and G X b*' define 
through the quotients morphisms from 9) to G Xg F and G Xg b*^. Let denote by ^ and ^ these morphisms. 
Then one has the following diagram: 



GxbF 



GXb V 



(k) 



The map {g, x) i-^ {g, Tk{x)) from G x E'-'^'' to G x b*^ defines through the quotient a morphism Tk from 
G Xb E^^^ to Ik- 

Proposition 7.3. Let set'E, :- yn°Tk- 

(i) The variety G Xb E'-''^ is a closed subvariety ofi). 

(ii) The variety G Xb E^'^^ is a vector bundle of rank k( over G XbY. Moreover, G XbY and G Xb E^^^ 
are smooth varieties. 

(iii) The morphism ^ is a projective birational morphism from G Xb E'-^^ onto Moreover G Xb E''^^ 
is a desingularization of 

Proof, (i) According to Lemma l7!2l (i). E'^'^^ is a closed subvariety of F x b*^, invariant under the diagonal 
action of B. Hence G x E'-'^^ is a closed subvariety of G x F x b'^, invariant under the action of B, whence 
the assertion. 
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(ii) Since E^^'^ is a S-equivariant vector bundle over F, G Xb £® is a G-equivariant vector bundle over 
G Xfi r. Since G X5 F is a fiber bundle over the smooth variety G /B with smooth fibers, G Xg F is a smooth 
variety. As a result, G Xg E'^'^^ is a smooth variety. 

(iii) According to Lemma rOl (ii). is a projective birational morphism from G x^ E^'^'> to X^.. Since 
3£o,/t is a B-invariant closed subvariety of b*^, is closed in G X5 b*^. According to Lemma lOl d). yidck) = 
Q'^'^K Moreover, yni^k) is an irreducible closed subvariety of S'f^ since is a projective morphism by 
Lemma [ft] Hence yni^k) = ^ by Proposition 16.61 For all z in G.tn(l)reg)> iTnHz)! - 1- Hence the 
restriction of y^ to is a birational morphism onto C^*^' since Guni^reg) dense in C*f\ Moreover, this 
morphism is projective since y^ is projective. As a result, ^ is a projective birational morphism from 
Gxb E^''^ onto e^f^ and G Xb is a desingularization of e|f^ by (ii). □ 

The following corollary results from Lemma 17^ (11). Proposition 17. 3[ (iii) and Lemma [m 

Corollary 7.4. Let Xq^u and be the normalizations of Xo^t and C^^ respectively. Then k[Xo,<:] and 
k.[Q^^^] are the spaces of global sections o/O^w and O^xgEW respectively. 

8. Rational singularities 

Let > 2 be an integer. Let X, X', X^, 9o, X'^, F, n,i, n, E, i/', V, T, be as in Section |7] One has 
the commutative diagram: 



-^X^—-^X 



with i/'i: the canonical projection from E^'^^ onto F. 

8.1. According to the notations of Subsection 15.11 let denote by Sq; the closure of U{\)a) in 6. For yS in 
n, let set: 

Lemma 8.1. For Q in let t)^ ^/r^* set of subregular elements belonging to l),^. 

(i) For a in 3?+, Sa is a subvariety of codimension 2 ofb. Moreover, it is contained in b \ breg. 

(ii) For p inU, Sfj = b^. 

(iii) The Sa's, a e are the irreducible components ofh\ bj-gg. 

Proof (i) For x in f)^, = 1) + kx^. Hence ?7(I)^) has dimension « - 1 + ^ - 1, whence the assertion since 
?7(I)^) is dense in 5 a and since I)^ is contained in b \ breg. 

(ii) For yS in H, ?7(l)p is contained in b^ since b^ is an ideal of b, whence the assertion by (i). 

(iii) According to (i), it suffices to prove that b \ b^g is the union of the S Let ;c be in b \ breg. 
According to IIV72L for some g in G and for some jS in H, x is in g(hjj). Since b^ is an ideal of b, by 
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Bruhat's decomposition of G, for some b in B and for some w in Wi'Ji), b-\x) is in w(b/j) n b. By 
definition, 

So, 

wCb^) n b = I)wos) © uo with uq := g"'^"'^ 

n'((i)e3i+ 

The subspace uq of u is a subalgebra, not containing g"'*^\ Then, denoting by Uq the closed subgroup of 
U whose Lie algebra is aduo, 

UaiKip)) = w(b^) n b 

since the left hand side is contained in the right hand side and has the same dimension. As a result, x is in 
Swifi) since S^ip) is B-invariant, whence the assertion. □ 

Let Qj-gg be the set of regular elements x such that x^ is regular or subregular and let set bj.gg :- g^gg n b. 

Lemma 8.2. (i) The subset bj^gg o/b is a big open subset ofh. 
(ii) The subset g^gg of g is a big open subset of g. 

Proof. Let x be in gj.gg \ greg,ss- Let W be the set of elements y of g'^'^ such that the restriction of ady to 
[Xs, g] is injective. Then W is an open subset of g^% containing x, and the map 

GxW^Q {g,y)^g{y) 

is a submersion. Let 3 be the centre of g-^^ and let set 3' := Wng. For some open subset W of W, containing 
X, for all y in W, the component of j on 3 is in 3'. Since [g^% g^'] is a simple algebra of dimension 3, 
W' n grgg is contained in g^-gg and G{W' n greg) is an open set, contained in g^gg and containing x. As a 
result, g^gg is an open subset of g and b^gg is an open subset of b. 

(i) Let suppose that b \ bj^gg has an irreducible component E of codimension 1 in b. One expects a 
contradiction. Since Z is invariant under B, S n t) is the image of X by the projection x i-> x by Lemma [L8l 
Since Z has codimension 1 in b, 2 n f) = I) or Z = Z n 1) + u. Since Z does not contain regular semisimple 
element, Z n !) is an irreducible subset of codimension 1 of t), not containing regular semisimple elements. 
Hence Z n I) = f)Q, for some positive root and Z n (I)^ + g"") n g^g is not empty, whence the contradiction. 

(ii) Since b \ b^gg is invariant under B, q \ gjgg = G(b \ b^gg) and 

dimg \ g^gg <n + dimb \ b^gg 
whence the assertion by (i). □ 

Setting bieg,o := breg and breg,i := b^gg, let Vkj be the subset of elements x of 3Eo,/t such that Px n breg,; is 
not empty for 7 = 0, 1. 

Proposition 8.3. For j - 0, 1, let V'^j be the subset of elements x = (xi, . . . ,Xk) o/Xo,/t such that x\ is in 
^reg,;- 

(i) For j - 0, 1, V'j^ J is a smooth open subset ofX^j^. 

(ii) For j = 0, 1, Vkj is a smooth open subset o/^o.jt- 

(iii) For j = 0, 1, Vkj is a big open subset o/Xq,*:- 
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Proof, (i) By definition, V^^ is the intersection of di^^k and the open subset breg.y x b*^"' of b*^. Hence 
V'^j is an open subset of Xo./t- For xi in breg,o, (^i, ■ ■ ■ ,Xk) is in V'^^ if and only if X2,... ,Xk are in g'^' by 
Corollary I5.3l (ii) and Lemma rOl di) since g^^' is in X. According to IIKo63[ Theorem 9], for x in bieg, 
e\{x), . . . ,si{x) is a basis of g-^. Hence the map 

breg X Mi_i/(k) ^ v; (, 
(x, (a,- y, 1 < / < ^ - 1, 1 < 7 < f)) I — >{x, X^^j aijSjix), ^J^j ak-ij£j(x)) 

is a bijective morphism. The open subset breg has a cover by open subsets V such that for some ei,. . .,€„ 
in b, ei(x), . . . ,E({x), ei, . . . is a basis for all x in V. Then there exist regular functions cpi, . . .,(pc on 
y X b such that 

e 

V - ^ <^y(x, v)ey(x) € span(ei , . . . 

7=1 

for all (x, v) in y X b, so that the restriction of to V x M^:_i ^(k) is an isomorphism onto Xq^^ n V x b*^~^ 
whose inverse is 

(xi,...,Xi:) I — > (xi,((^i(xi,x,-), ...,i^f(xi,xO),/ = 2,...,k)) 

As a result, 6 is an isomorphism and Vj^ q is a smooth variety, whence the assertion since Vj^ j is an open 
subset of V! „. 

(ii) The subvariety 3£o,/t of b*^ is invariant under the natural action of GLjt(k) in b*^ and V^j - GLt{k).Vj^ . 
by Lemma [T!9l whence the assertion by (i). 

(iii) Since Vk,\ is contained in Vkfi, it suffices to prove the assertion for j - 1. Let suppose that 3£o,/t\ 
has an irreducible component Z of codimension 1. One expects a contradiction. Since 3Eo,/t and Vu^i are 
invariant under B and GLi:(k), it is so for E. Since Z has codimension 1 in Xq^u, ■'"^H^) has codimension 1 
in E^'^\ Let Eq be an irreducible component of codimension 1 of t^H^) and let set T := Since E 
is invariant under GL<;(k), Eq is invariant under the action of GLi:(k) so that the intersection of {n°il/]i)~^{T) 
and the null section of S^*^^ is contained in Eq. So, T is a closed irreducible subset of X. Moreover, T 
is strictly contained in X. Indeed, if it is not so, for all u in U.\), [u] x m*^ n Eq has dimension at most 
k{l - 1) since Eq is invariant under S^. Then T has codimension 1 in X and Eq - {n^iJjkT^iT). According 
to Theorem I5.10[ (ii). for some umT, uC\ bj-ggj is not empty, whence the contradiction since for all x in 
E, Px n breg,! is empty and since ul^ is contained in E for all m in T. □ 

Let 3Eo,/t be the normalization of 3£o,/t and let /Ijt be the normalization morphism whence a commutative 
diagram 




since {E^^\ Tk) is a desingularization of Xo,/t. 

Corollary 8.4. For j = 0, 1, A-\Vkj) is a smooth big open susbset of Xo^t and the restriction of tu to 
T'^'^iVkj) is an isomorphism onto X^'^{Vkj). 
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Proof. According to Proposition 18.31 Vk,] is a smooth big open subset of 3£o,it- Hence the restriction of Ak 
to X^^{Vkj) is an isomorphism onto Vkj- For all x in Vkj, ''"^'(■'c) = {u, x) with u equal to the centralizer of 
a regular element contained in Px- Hence, by Zariski Main Theorem IIMu881 /S 9], the restriction of Tk to 
T'^^iVkj) is an isomorphism onto Vk,j since Vk,j is smooth, whence the corollary. □ 

8.2. By definition, the restriction of to ji~^{X'^) is an isomorphism onto X'^. Let identify n~^{X[^ and 
X'^ by TTn. According to Proposition 15. 16l (ii). 9o is a homeomorphism from 9q'(X') to X' . Moreover, ?7.f) 
identifies with an open subset of since it is a smooth open subset of X' . 

Lemma 8.5. Let set £"„ := Qq{E) and let denote by the canonical morphism from to E. 

(i) There exists a well defined projective birational morphism T^from n*{E) to £"„ such that v — Vn°Tn- 
Moreover, is normal. 

(ii) The 0,^'(E)-fnodule 0.n'(E) is free. 

(iii) The variety E^ is Gorenstein and has rational singularities. 

Proof, (i) Since is a vectore bundle over Xa, E^ is a normal variety. Moreover, it is the normalization 
of E and Vn is the normalization morphism, whence the assertion by Lemma lTTTl di). 

(ii) Let a; be a volume form on b. According to Lemma rTTl fii). T*(a») is a global section of i^n'iE), 
without zero, whence the assertion since Q.„'(e) is locally free of rank 1. 

(iii) According to (ii), 0;r*(£) is isomorphic to 0.n'(E)- So, by Grauert-Riemenschneider Theorem 
IIGR70II . R'(Tn)*(0;r*(£)) - for / > 0. Hence E^ has rational singularities by (i). As a result, iTa)*i0.n'iE)) 
is free of rank 1 by (ii). Then, according to Lemma IC2] a canonical module of £"„ is isomorphic to O^^,, 
that is En is Gorenstein. □ 

Let pn be the canonical projection from to X^ and let set E^^ := £"„ Xp^ • • • Xp^ £„. 

k factors 



Corollary 8.6. (i) The variety E'-^^ is a desingularization ofE^ . 
(ii) The variety E^^ is Gorenstein and has rational singularities. 

Proof, (i) Let p be the canonical projection from £ to Z and let set S^^^ := E Xp ■ ■ ■ Xp E. Since E^^ is 

k factors 

a vector bundle over the normal variety X^, E^^ is a normal variety. Moreover, it is the normahzation of 
since Xji is the normalization of X, whence a commutative diagram 



According to Lemma|T2l(ii), the diagonal arrow is a birational projective morphism. Hence the horizontal 
arrow is birational and projective. 

(ii) The variety E^^ is a vector bundle over £"„. So, by Lemma [831 (iii). e'^^ is Gorenstein and has 
rational singularities. □ 
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Let denote by Ek the restriction of E\ to X'^. Then Ef^ is a smooth big open subset of E\ since X'^ is a 
smooth big open subset of Xa by Proposition 15. 16[ (ii). 

Lemma 8.7. There exists a rational section ojq ofQ.Ek without zero and relatively B-invariant. 

Proof. Since U.\) is isomorphic to U, U.l') is an afRne space and the restriction of E^'^^ to U.l) is a trivial 
vector bundle over U.l). Moreover, U.l) identifies with its inverse image in X^. So, there exists a regular 
section a>o of Q^^ above U.l) without zero. For all g in B, g.ojQ = PgCOQ for some regular function on 
iJ/^^iU.l)). Since coq has no zero, pg is a regular function, without zero, on an afline space. Hence pg is in 
k. As a result, ojq is a rational section of O^^, relatively invariant under B and without zero in ifj~^{U.\)). 

By definition, X' is the union of the X^'s, o- € 3?+. So, it remains to prove that for all a in ojq has 
no zero in 9q^(X' n Xa). According to Proposition 15. 16l (iii). for some complement W of g"^ in u, the map 

W X Z„ ^ (x, V) ^ exp(adx)( V) 

is an isomorphism onto an open neighborhood W of 6^^(70.) in e~'(X^). Moreover, Zq, is isomorphic to 
P^k). Hence there exists an isomorphism W x P^(k) W, denoted by l such that n U.\)) equals 

W X k. Let also denote by l the isomorphism 

^ i.Ek I ^ ) > -E^ I 

deduced from i and let denote by E^^a the restriction of L*{Ek \^) to W x k. Since a>o is invariant under 
the action of U, the restriction of i*(aJo) to E^^a equals ju Adt for some constant differential form p on the 
restriction to W x {0} of E^^a- Hence L*(a>o) has no zero, whence the lemma. □ 

Theorem 8.8. The normalization Xo./t o/Xq ^ has rational singularities. 

Proof. By definition, the morphism f> from E^'^^ to Xq^^ factorizes through the morphism E^'^^ — > E^^^ so 
that there is a commutative diagram 




Moroeover, according to Lemma l7!2] (ii) and Corollary I8.6l (i). all the arrows are projective and birational. 
According to Corollary 18.41 the open subset V^-j of Xo./t identifies with its inverse images in Xo,/t and E^. 
Moreover, Vk,i is a big open subset of Xq,*:- For all Cartan subalgebra c of g, contained in b, c*^ \ Vtj is 
contained in (c \ greg)*^ so that it has codimension at least 2 in c*^ since ^ > 2. As a result, Vkj is a big open 
subset of eJ*^ since for all m in X' \ U.t), m*^ is not contained in Vk,i. Since E^ is a smooth big open subset of 
the normal variety eI^\ there exists a rational differential fomi of top degree, without zero, on the smooth 
locus of by Lemma [8771 Then, according to Corollary 18. 6l and Corollary IC.4[ with Y = e'^\ Xo,yt has 
rational singularities. □ 



COMMUTING VARIETY 



47 



8.3. Let denote by E* the dual of the vector bundle n*{E) over Y. 

Lemma 8.9. Let £.* be the sheaf of local sections ofE*. For i > and for j > 0, H'(r, S^(£*)) - 0. 
Proof. Since if/ is the canonical projection from n*{E) to F, 0„'(E) equals i/'*(S(£*)) so that 

((A)*(0.*(£)) = S(£*) 

As a result, for / > 0, 

n'(7r*(E), 0,.(E)) = H'(r,S(£*)) = 0H'(r,S^(£*)) 

;eN 

According to Lemma ITTTl di). n*{E) is a desingularization of the smooth variety b. Hence by IIE178I . 

li'{7T*(E), 0,.(£)) = 

for / > 0, whence 

H'(r,S-'(£*)) -0 

for / > and j > 0. □ 

According to the identification of g and g* by the Killing form, b_ identifies with b* . Let denote by 
the orthogonal complement of n*{E) in F x b_ so that E- is a vector bundle of rank n over F. Let £_ be 
the sheaf of local sections of £"_. 

Corollary 8.10. Let So be the ideal of Op <8>ik S(b-) generated by £_. Then, for i > 0, H'(F, do) = and 
H'(F, £_) - 0. 

Proof. Since is the orthogonal complement of 7t*{E) in F x b_, 3o is the ideal of definition of n*{E) in 
Or ®k S(b_) whence a short exact sequence 

^ ao ^ Or ®k S(b„) S(£*) 

and whence a cohomology long exact sequence 

> H'(F,S(£*)) U'^\T,3o) H'^kr, Or®kS(b_)) ^ ••• 

Then, by Lemma [8^ from the equahty 

H'(F, Or ®k S(b_)) = S(b_) ®k H'(F, Or) 

for all /, one deduces H'(F, So) = for ' ^ 2. Moreover, since F is an irreducible projective variety, 
H°(F, Or) = k and since n*{E) is a desingularization of b, H°(F, S(£*)) = S(b_) so that the map 

H°(F, Or ®k S(b_)) hO(F, S(£*)) 

is an isomorphism. Hence H'(F, ^Jo) - for / = 0, 1. The gradation on S(b_) induces a gradation on 
Or ®k S(b_) so that So is a graded ideal. Since £_ is the subsheaf of local sections of degree 1 of So, it is 
a direct factor of So, whence the corollary. □ 

Proposition 8.11. Let I, m be nonnegative integers. 

(i) For all positive integer i, H'(F, (£*)«'") = 0. 

(ii) For all positive integer i, 

H'+'(F, £!' ®0r (£*)""") - 
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Proof, (i) According to Lemma W9\ one can suppose m > 1. Since E* is the dual of the vector bundle 
n*{E) over F, the fiber product £*, :- E* ■ ■ ■ E* {?, the dual of the vector bundle E^"^^ over T. Let 
ifjm be the canonical projection from E*^ to F and let c*„ be the sheaf of local sections of E)^ . Then 0£(»o 
equals (/(^^(SCfi^)) and since S^'"^ is a vector bundle over F, for all nonnegative integer /, 

HX^C"), 0£(„„) - H'(F, S(£,;)) = H'(F, S^(£;)) 

According to Theorem 18.81 for / > 0, the left hand side equals since is a desingulaiization of Xo^m 
by Lemma|T2l(iv). As a result, for / > 0, 

H'(F,S'"(£;))) = 

The decomposition of as a direct sum of m copies isomorphic to £* induces a multigradation of S(£*). 
Denoting by S;,, ...,;„, the subsheaf of multidegree (71, . . . j'^), one has 

S-ce;). S,,...^,„,andS,...,i-(£*r 



Ui....J,„)eN"" 
i^+■■-^im=ln 



Hence for / > 0, 



0-H'(F,S'"(S;))- H'(F,Sy.,...jJ 



O-l.-.j-mjeN" 
il+-+im=m 



whence the assertion. 

(ii) Let m be a nonnegative integer. Let prove by induction on j that for / > and for / > j, 
(6) H'+^(F, £*^' ®0r (£*)*('"+'-^')) - 

By (i) it is true for j = 0. Let suppose 7 > and Q true for j - I and for all / > j - 1 . From the short 
exact sequence of Op-modules 

^ £- ^ Or ®k b- ^ £* ^ 
one deduces the short exact sequence of Op-modules 

From the cohomology long exact sequence deduced from this short exact sequence, one has the exact 
sequence 

H'+^'-i(F, £!^^"^^ ®0r (£*f ('"+'-^■+1') H'+^(F, £!^' ®0r (£*)*^'"'''"^'^) 

H'+^'(F,b_ ®k £!^-''"^^ ®0r {£*f^'"^^^j^) 

for all positive integer /. By induction hypothesis, the first term equals for all / > 0. Since 

H'+^(F,b_ ®k £!^'"'^ ®0r (£*)*('"'''-^'^) = b_ ®k H'+^(F, £!(^'-'^ ®0r (8,*^'"^'''^) 

the last term of the last exact sequence equals by induction hypothesis again, whence Equality (O and 
whence the assertion for j = I. □ 

The following corollary results from Proposition |8. 1 1 K ii) and Proposition lB.il 
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Corollary 8.12. For m positive integer and for I - {li, . . . ,!,„) in N'", 

H'+I'l(r, A''(£-) ®0r • • • ®0r A''"(£-)) - 

for all positive integer i. 

8.4. By definition, E'^'^^ is a closed subvariety of F x b*. Let denote by g the canonical projection from 
r X b*^ to r, whence the diagram 

E(k)c ^-rxb'^ 




r 

For j = 1, . . . , ^, let denote by Qj^k the set of injections from {1, . . . , 7} to {1, . . . , ^) and for cr in Sy^t, let 



%a- :^ Ml ®0r ■ ■ ■ ®0r '^k with M; :^ 



set: 

Or®kS(b_) if i^a({l,...,j}) 
do if iecT{{\,...,j}) 

For 7 in {1, ... , k], the direct sum of the Xo-'s is denoted by 3j,k and for o" in Si j-, OCa- is also denoted by 
3Co-(i),/t. 



Lemma 8.13. Lef 3 be the ideal of definition of E^^^ in Opxb*- 

(i) The ideal g*{d) of Or ®k S(bi) the sum of%i^k, ■ ■ ■ ,^k,k- 

(ii) There is an exact sequence of Or-modules 

— > dk,k — ^ dk-l,k — > • • • — ^ 3l,yt — > — > 

(iii) For i > 0, H'(F x b\ J) - //'H'+^CF, 3^^) = 0/or j = 1, . . . , /c. 

Proof, (i) Let Jj- be the sum of %i^k, ■ ■ ■ ,^k,k- Since 3o is the ideal of Op ®ik S(b_) generated by ^Jj^ is a 
prime ideal of Or ®k S(bi). Moreover, £_ is the sheaf of local sections of the orthogonal complement of 
£■ in F X b_. Hence 3k is the ideal of definition of E"^^^ in Or ®k S(b^), whence the assertion. 

(ii) For a a local section of 3j.k and for cr in S^-yt, let denote by «o-(i),...,o-o) the component of a on %a-. 
Let d be the map 3j,k 3j-i,k such that 



J 



da,-,,...,o - 2(-l)'+^a,- 

Then by (i), one has an augmented complex 

— > 3k,k — ^ dk~i,k — * ■ ■ ■ — ^ 3i,k — > Q*{3) — > 

Let J be the subbundle of the trivial bundle F x S(b_) such that the fiber at x is the ideal of S(b_) generated 
by the fiber ^ of E- at x. Then 3o is the sheaf of local sections of J and the above augmented complex 
is the sheaf of local sections of the augmented complex of vector bundles over F, 

Cf (F X S(b-), 7) ^ > Cf\r X S(b_), J) ^ J ^ 

According to Lemma IB.2I and Remark IB. 31 this complex is acyclic, whence the assertion by Nakayama 
Lemma since J and S(b_) are graded. 
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(iii) Let / be a positive integer such that H'+^(r, 3q^) = for j = I,. . . ,k. Then for j = \,. . . ,k and for 
cr in Syjt, H'"^^(r, Xcr) = since !Ko- is isomorphic to a sum of copies of 3*^. Moreover, H'(r, OCi^k) - 
for / = I,. . . ,k since ¥l'{T,3o) = by Corollary 18.101 Hence by (ii), since H* is an exact (5-functor, 
H'(r, QtiS)) = 0, whence the assertion since g is an afiine morphism. □ 

8.5. For m positive integer, for j nonnegative integer and for Z = (Zi, . . . ,1^) in N'", let set: 

M,-,/ := ®0r A''(£-) ®0r • • • ®0r A'"'(£-) 

Lemma 8.14. Let mbe a positive integer and let {j, Z) be in N x N'". 

(i) The OY-module do is locally free. 

(ii) For j > 0, there is an exact sequence 

S(b_) ®t My-i,(„,/) S(b_) ®k My_i,(„-i,/) ^ • • • 
S(b-) ®t My-i,(i,/) My,, 

(iii) For / > 0, H'+^+l'l(r, My,/) = 0. 

Proof, (i) Let ;c be in F and let £'-,v be the fiber at x of the vector bundle E over F. Then E-^^ is a 
subspace of dimension « of b_. Let M be a complement of E-^^ in b_. Since the map y i-> £'_,y is a regular 
map from F to Gr„(b_), for all y in an open neighborhood V of x in F, 

b_ = £■_„,. © M 

Denoting by £_,y the restriction of £_ to V, one has 

Oy ®]k b- ^ £-,v © Oy ®it M 

so that 

Oy ®k S(b_) = S(£.,y) ®t S(M) 

whence 

do \v = S+(£-,y) ®k S(M) 
As a result, 3o is locally free since £_ is locally free. 

(ii) Since 3o is the ideal of Op ®ik S(b_) generated by the locally free module £_ of rank n and since £_ 
is locally generated by a regular sequence of the algebra Or ®k S(b_), having n elements, one has an exact 
Koszul complex 

S(b.) ®k A"(£-) > S(b.) ®k £- ^ 00 ^ 

whence a complex 

S(b_) ®k A"(£-) ®0r My^l,/ > S(b_) ®k £_ ®0r ^j-lj 

da ®0r My_i,, 

According to (i), My_i,/ is a locally free module. Hence this complex is acyclic. 

(iii) Let prove the assertion by induction on j. According to Corollary 18.121 it is true for j = 0. Let 
suppose that it is true for j - I. According to the induction hypothesis, for all positive integer i and for 
P ^ l,...,n, 

S(b_) ®k My-i,(p,o) - S(b_) ®k H'+^"1+P+I'I(F, My-i,(p,o) - 
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Then, according to (ii), H'^^''''''(r, "Mjj) = for all positive integer / since H* is an exact 5-functor. □ 

Proposition 8.15. The variety Xo,/t has rational singularities and its ideal of definition in OYxbk the 
space of global sections of3- 

Proof. From the short exact sequence, 

— > 3 — * Orxb* — * ^fiW — ^ 
one deduces the long exact sequence 

> H'(r X b^ d) S(b_f ^ ®k H'(r, Or) H'(£(*^\ 0£,«) H'+^(r X b^ a) ^ • • • 

According to Lemma[8]9j H'(r, Or) = for / > and according to Lemma [8.13[ (iii) and Lemma lS. 14[ (iii). 
H'(r X b^, 3) = for / > 0. Hence, H'(£'^^^, O^w) = for / > 0, whence the short exact sequence 

H°(r X b^ 3) S(b_)**^ U^(E^''\ 0£<«) 

Since the image of S(b_)**^ is contained in k[Xo,j(:]> ^[Xo,*:] - k[Xo,/t] by Corollary 17.41 whence the propo- 
sition by Theorem 18.81 since E^'^^ is a desingularization of Xo,yt by Lemma rOl (iii). □ 

Corollary 8.16. (i) The normalization morphism ofC'^^ is a homeomorphism. 
(ii) The normalization morphism of Q^'^^ is a homeomorphism. 

Proof, (i) According to Proposition 13.131 one has the commutative diagram 

G Xb ^ G Xb h>' 

Since Sn*^' is a normal variety and since G Xg b*^ is a desingularization of "B^*^^ and !B®, the fibers of 7n 
are connected by Zariski Main Theorem IIMu88l /S 9]. Then the fibers of the restriction of to Gxb ^o,k 
are too since G Xb ^o^k is the inverse image of Q'^\ According to Proposition 18. 151 G x^ Xq^^ is a normal 
variety. Moreover, the restriction of yn to G Xg Xo^t is projective and birational, whence the commutative 
diagram 




with the normalization morphism. For x in Cjf^ p^~^{x) = yn{7n^{x)). Hence /i is injective since the 
fibers of are connected, whence the assertion since ju is closed as a finite morphism. 
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(ii) One has a commutative diagram 



oik) 



Q(k) 



oik) 



Qik) 



with juq the normaUzation morphism. According to Proposition 16.81 all fiber of 77 or 7/ is one single WCX)- 
orbit and by (i), yu is bijective. Hence //q is bijective, whence the assertion since //q is closed as a finite 
morphism. □ 

8.6. In this subsection k = 2. The open subset E2 of S^^^ identifies with an open subset of E^^ and it is 
6-invariant so that G £"2 is an open subset of G X5 E*--^^ and G Xb e'^\ 

Lemma 8.17. (i) The variety G Xb ^o,2 has rational singularities. 

(ii) The set G Xg V2J is a smooth big open subset ofGxs -^0,2- 

(iii) The set G.in(V'2,i) <^ smooth open subset of and the restriction of to G Xg V2,i is an 
isomorphism onto G.in(V2j). 

(iv) A global section ofQc.i,,iV2i) ^'^^ regular extension to the smooth locus ofGXs Xo,2- 

Proof, (i) According to Proposition 18. 151 Xo,2 has rational singularities, whence the assertion since G Xb 
Xq^2 is a fiber bundle over the the smooth variety G/B with fibers isomorphic to ^0,2- 

(ii) According to Proposition I8.3[ (iii). V2J is a smooth big open subset of Xo,2- Then G Xb ¥2,1 is a 
smooth big open subset of G x^ 3£o,2 since G/B is smooth. 

(iii) Since y^HG. in(V2,i)) equals G Xb V2J and since jn is projective and birational, G.tn(V2,i) is an 
open subset of Q';^\ Moreover, G x^ V2,i is contained in the open subset 'Y^\W2) of G Xb and the 
restriction of jn to 7nHW^2) is an isomorphism onto W2 by Corollary 13.151 so that the restriction of to 
G Xb V2,\ is an isomorphism onto G.tn(V2,i), whence the assertion. 

(iv) The assertion results from (ii), (iii) and Lemma lcn (v). □ 

Corollary 8.18. The varieties C^^^ and OP-"* have rational singularities. 

Proof. According to the proof of Corollary 18.161 one has the following commutative diagram: 



G Xb Xo,2 



oil) 





d(2) 



with p. the normalization morphism. Moreover, y^ is a projective and birational morphism. By 
Lemma [STTl (iii). jU~HG.tn(V2,i)) is a smooth big open subset of C^^^ and the restriction of p to 
/i~^(G.tn(V'2,i)) is an isomorphism onto G.in(V2j). So, by Lemma I8.17[ (iv). all global section of 
has a regular extension to the smooth locus of G Xb Xo,2- According to Proposition I7.3l (ii). 



■;/-i(G.i„(y2.i)) 



GXbE^^^ is a desingularization of Q'^^ and f^^^ is a desingularization of Xq^ with a B-equivariant desingu- 
larization morphism by Lemma l7!2l (ii). Hence G Xg E^^^ is a desingularization of S^^^ and G Xg Xo,2- As 
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a result by Lemma [8.17[ (i) and IIKK731 p.50], all global section of ^^//-i(G.(n(V2 1)) ^ regular extension 
to G XbE^^K According to Proposition 16.61 C^^^ is the normalization of the isospectral commuting variety 
and according to HGilll Theorem 1.3.4], Cn^^ is Gorenstein. Hence by IIKK731 p.50], C^^^ has rational 
singularities. By Proposition I6.8l (ii). C^^^ is the categorical quotient of C^^^ under the action of So, 
by IIE1811 Lemme 1], C^^^ has rational singularities. □ 



Appendix A. Notations 

In this appendix, V is a finite dimensional vector space. Let denote by S{V) and /\{V) the symmetric 
and exterior algebras of V respectively. For all integer /, S'{V) and A'(^) the subspaces of degree / for 
the usual gradation of S(y) and A(^) respectively. In particular, S'(V) and A'(^) ^re equal to zero for / 
negative. 



For / positive integer, let denote by G; the group of permutations of / elements. 
For m positive integer and for / = (Zi , . . . ,1^) in N"', let set: 



S'{V) 

A'iV) 



h+ ^Im 

S''(V)®f-®kS''"(V) 

A''W®f-®k A''"(V) 



• For k positive integer and for Z = (Zi, . . . ,Zm) in N*" such that 1 < |Z| < k, let denote by V^^ the ^:-th 
tensor power of V and let denote by S/ the direct product S/, x • • • xS/„_. The group S/ has a natural action 
on given by 



(Cri,...,0-,„).(V1»---«5V^:) = 



Vo-,(l)» • • • »Vo-,(;i)»V/|+o-2(i)» • • • »V/,+o-2(/2) 



-;,„+fr„,(l)® • • • ®V|/|„/„+^„(;,„)»V|/|+i«> • • • 



The map 



m J 

a I — > T^kjia) fl 77 "^'^ 



1 -'" O-eto; 



is a projection of V®^ onto (V®*^)®'. Moreover, the restriction to ( V®*^)®' of the canonical map from to 
S'{V) ®]t is an isomorphism of vector spaces. 



Appendix B. Some complexes 

Let X be a smooth algebraic variety. For M a coherent O^-module and for k positive integer, let denote 
by M®*^ the ^-th tensor power of M. According to Notations |Al for all Z in N'" such that |Z| < k, there is an 
action of S/ on M®*^. Moreover, S'(M) and A'(^) coherent modules defined by the same formulas as 
in Notations El 
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B.l. Let £ and M be locally free Ox-modules. 

Proposition B.l. Let i be a positive integer and let suppose that 

H'+^(X, M) = 

for all nonnegative integers j, k. 

(i) For all positive integers m and k and for all I in N'" such that \l\ < k, 

n\X, S'(£) ®0x S*^^'"'^ ®0x ^ 

(ii) For all positive integers n\, n2, k and for all (/, m) in N"' x N"^ such that \l\ + \m\ < k, 

H'(X, S'(£) ®0x A'"(£) ®0x £®^^"l''-l'"l^ 8)0^ M) = 

Proof (i) Since 7r^,/(£®*) is isomorphic to S'(£) and since nkj is a projector of £®*, S'(£) i2)o^ 

js isomorphic to a direct factor of £®^ and S'(£) (S)Ox £®*^''~'''^ ®0x ^ is isomorphic to a direct factor 
of £* M> whence the assertion. 

(ii) Denoting by e(a") the signature of the element cr of the symmetric group S^, the map 

g»m ^ £»m a ^ ^^re- e(c^)c^.a 

m! ^(T^^in ^ 

is a projection of £*'" onto a submodule of £'*'" isomorphic to /\'"{£.). So, /\'"{&) is a isomorphic to a 
direct factor of £®'". Then, by induction on m, for / in N™, A'(£) is isomorphic to a direct factor of £®'''. 
As a result, according to (i), for all positive integers ni, n2, k and for all (l,m) in X N"^ such that 
|/| + |m| < k, S'(£) 8)0^ A^'Ce) ®0x £®(*-l'l-l'"l^ ®0;f M is isomorphic to a direct factor of £®*®0;f M, whence 
the assertion. □ 

B.2. Let W be a subspace of V and let set E := V/W. Let &^\v, W), n ^ 1,2,... be the sequence of 
graded spaces over N defined by the induction relations: 

Cj^^(y, W) := V d^\v, W) W c\^\v, W) := 

for? > 2andy > 1. 

Lemma B.2. Let n be a positive integer. There exists a graded differential of degree -I on cl"^^ W) 
such that the complex so defined has no homology in positive degree. 

Proof. Let prove the lemma by induction on n. For n - 1, d is given by the canonical injection of W in 
V. Let suppose that cl"~^^(V', W) has a differential d verifying the conditions of the lemma. For j > 0, let 
denote by 6 the hnear map 

Cf(V, W) cf\(V, W) (aov, W) i-^ (da®v + (-l)^W, dW) 

with a, ^7, V, w in C^"~^\v, W), C^"~^^\v, W), V, W respectively. Then 5 is a graded differential of degree 
-1. Let c be a cycle of positive degree j of cl"\V', W). Then c has an expansion 

d d' 

c = aiWi, ^ biWi) 
i=l i=l 
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with vi, . . . ,Vrf a basis of Y such that vi, . . . ,Vd' is a basis of and with a\,. . .,ad and h\,. . . ,bd' in 
df^\v, W) and cJ^/^V^, W) respectively. Since c is a cycle, 

d d' 
^ da,»v; + (-1)^ ^ Z7,®v,- = 

i=l i=\ 

Hence bi = (-l)^'^Ma,- for / = 1, . . . , cf' so that 

d' d d' d' d d' 

c + (5(^(-iyai®v,-,0) = a,®v,- + ^ fl:,®v;, ^(^i^v,- + (-iyda;®v,)) = a,»v,- + ^ a,®v,-,0) 

i=\ i=\ i=l !=1 ;=1 i=\ 

So one can suppose b\, . . . ,bd' all equal to 0. Then a^,. . .,ad are cycles of degree j of ci^^^V, W). By 
induction hypothesis, they are boundaries of c'f~^\v, W) so that c is a boundary of ci"\v, W), whence 
the lemma. □ 

Remark B.3. The results of this subsection remain true for V or W of infinite dimension since a vector 
space is an inductive limit of finite dimensional vector spaces. 

Appendix C. Rational Singularities 
Let X be an affine irreducible normal variety and let X' be a smooth big open subset of X. 

Lemma C.l. Let Y be an irreducible Gorenstein variety Y and let n be a projective birational morphism 
from Y to X. Let denote by % a canonical module of Y. Let suppose that the following conditions are 
verified: 

(1) the open subset n~^{X') ofY is big, 

(2) the restriction of n to n~^{X') is an isomorphism onto X' . 

(3) 3C is an ideal ofOy- 

Let denote by J the space of global sections of% and let 3 be the localization of J on X. 

(i) The algebra k[X] is the space of global sections ofOy and Y is a normal variety. 

(ii) For all open subset O ofX and for all local section a of 3 over O n X', a is the restriction to OoX' 
of one and only one local section of 3 over O. 

(iii) The Oy -modules n*{3) and % are equal. 

(iv) For all injective k[X]-module /, the canonical morphism 

J ®km Homk[jf](/, /) — > I 

is an isomorphism. 

(v) All regular form of top degree on X' has a unique regular extension to the smooth locus of Y. 

Proof, (i) If Z — > F is a desingularization of F, Z — > X is a desingularization of X since n is projective 
and birational. Moreover, all global section of Oy is a global section of Oz, whence, by Lemma [L4l k[X] 
is the space of global sections of Oy since X is normal. According to Conditions (1) and (2), n^^{X') is 
a smooth big open subset of F. So, by Serre's normality criterion llBou98j §1, no 10, Theoreme 4], F is 
normal since F is Gorenstein. 
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(ii) Since 3 is the localization of J on X, it suffices to prove the assertion for O = X. Let a be a 
local section of d over X'. According to Condition (2), 7r*(a) is a local section of X over 7r~^(X'). Since 
Y is Gorenstein, X is locally free of rank 1. So, there is an affine open cover Vi, . . . ,Vi of Y such that 
the restriction of X to V,- is a free Ov/.-module of rank 1. Let pi be a generator of this module. Setting 
V. := Vi n n'^{X'), for some regular function a', on V'., a'.pi is the restriction of n*{a) to V'.. According to 
(i), a'- has a regular extension to Vj since V- is a big open subset of V, by Condition (1). Let denote by a,- 
this extension. Then, for 1 < i, j < I, the restrictions of aipi and ajpj to Vf n Vj are two local sections of 
X over Vi n which are equal on V. n V'j. Hence UiPi and a^py have the same restriction to V; n Vj since 
5C is torsion free as a locally free module. As a result, n*(a) is the restriction to 7r~^(X') of a unique global 
section of X since X is torsion free. 

(iii) Let a be in k[ V,] ®k[Z] By Condition (2), for some regular function a' on V'., a'pi is the restriction 
of a to Vj'. Since Vi is normal and since is a big open subset of V,-, a' has a regular extension to Vi so 
that a is in r(V/, X). Conversely, let a be in r(V,-, Since V[ is a big open subset of Vi, for some open 
subset V'.' of X, Vi is contained in n^'^{V'.') and Z' n V" equals ^(Vf). By Condition (2), for some a' in 
r(7r(V/), d), n*(a') is the restriction of a to V^. According to (ii), a' is the restriction to n{V'.) of a unique 
local section a" of 3 over V". Then the restriction of n*(a") to V, equals a since a and n*{a") have the 
same restriction to V. and since OC is torsion free, whence the assertion. 

(iv) Let denote by i// the canonical morphism 

J S)k[x] Homi;[x| (J, I) — > I a®ip \ — > ip{d) 

According to Condition (3), 7 is an ideal of ]k;[X]. Let x be in / and let a be in /\ {0}. Since / is an injective 
module, for some x' in /, x = ax'. Denoting by (p the morphism c i-> cx' from J to /, ij/{a®(p) - x. So, ij/ is 
surjective. 

Let denote by K the kernel of ijj and let suppose K different from 0. One expects a contradiction. Let (p 
be in K. For / = I,..., I, let set: 

Ji nVi\ ®k[X] J h 

so that 

MYi^ ®^x] J®nx] ^om^x\{J,I) -- 
and let denote by i/r,- the canonical morphism 

Ji ®k[y,] Homk[v,.](y;,/,) — > 

so that the restriction of n*{ip) to Vi is in the kernel of if/i. According to (iii), Ji is the free k[V;]-module 
generated by pi so that the morphism 

/; — > Ji ®k[y,] Homyv;] (/,•,/,) X i-^ pi®(px with (Pxiapi) = ax 

is an isomorphism whose the inverse is i/^,. Hence the restriction of n*{ip) to V, equals 0. As a result, 
7r*(^) = 0. Hence n*{Ox ®ik[X] ^) - 0. Since K is different from 0, K contains a finitely generated 
submodule K' , different from 0. Then, for some locally closed subvariety Xk' of X, Ox^, ®k[X] K' is a 
free 0^^^, -module different from 0. Denoting, by tik' the restriction of n to n~^{XK'), n*j^,{Ox,c' 
is different from zero, whence the contradiction since it is the restriction to 7t'^,(Xk') of n*(Ox ^[X] K'). 



nVi] ®k[X] / 

-■ Ji ®k[yi] Hom]t[y,.](y;,/;) 
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(v) Let Y' be the smooth locus of Y. According to Condition (2), n~ {X') is a dense open subset of 
Y'. Moreover, n'^{X') identifies with X'. Let a» be a differential form of top degree on X'. Since Qy' is 
a locally free module of rank one, there is an affine open cover Oi, . . . ,0k of Y' such that restriction of 
Qy to Oi is a free Oo,-module generated by some section a»;. For i = I, . . . ,k, let set O'^ := Oj n X'. Let 
w be a regular form of top degree on X'. For / = I,. . . ,k, for some regular function a, on O^, a/o*, is the 
restriction of oj to O'-. According to Condition (1), O'^ is a big open subset of O,. Hence a, has a regular 
extension to Oi since Oi is normal. Denoting again by a,- this extension, for 1 < /, j < k, aiCOi and ajcoj 
have the same restriction to O'j n O'j and O, n since Oy is torsion free as a locally free module. Let 
oj' be the global section of extending the a,a»,'s. Then a>' is a regular extension of to to F' and this 
extension is unique since X' is dense in Y' and since Oy is torsion free. □ 

Lemma C.2. Let Y be an irreducible algebraic variety with rational singularities and let Y' be its smooth 
locus. Let Z be a desingularization of Y of morphism r such that the restriction of t to t~^(Y') is an 
isomorphism onto Y'. Then r^COz) is a canonical module ofY. In particular, its restriction to Y' equals 

Qy. 

Proof. Since Z and Y are varieties over k, one has the commutative diagram 

Z 1 ^Y 




Spec(k) 



According to IIH661 V. §10.2], p'(k) and ^'(k) are dualizing complexes over Z and 7 respectively. Further- 
more, by IIH66I Vn, 3.4] or ||Hi911 4.3, (ii)], j)'(k)[-dimZ] equals Q.z. Since Y has rational singularities, 
it is Cohen-Macaulay by IIKK73 1 p. 50]. Hence the cohomology of g'(k)[-dimZ] is concentrated in degree 
and equals a canonical module % of Y. Let set © := <7'(k)[-dimZ] so that t'(©) = Q-z by IIH66[ VH, 
3.4] or IIHi911 4.3,(iv)]. Since r is a projective morphism, one has the isomorphism 

RiTj.iR-^omzinz,^!)) RJ^omY{R{TUnz),X) 

by llH66l vn, 3.4] or llHiOTl 4.3,(iii)]. Since Y has rational singularities, Rt^{Ox) = Oy so that the left 
hand sides equals Oy, whence an isomorphism 

Oy RJ^omY(R{T),{nz),^) 

According to Grauert-Riemenschneider Theorem [IGR701 . R(t)*(Qz) has only cohomology in degree 0, 
whence an isomorphism 

Oy ^Omy(T,(Qz), %) 

Denoting by (p the image of 1, is an isomorphism from T^iO-z) onto % by BBrul Lemma 3.3.2 and 
Proposition 3.3.3,(a)]. Moreover, the restriction of Tf{Q.z) to Y' equals Oy since t is an isomorphism 
from t~HF') onto r. □ 

Proposition C.3. Let suppose that there exist an irreducible Gorenstein variety Y, with rational singular- 
ities, and a projective birational morphism nfrom Y to X verifying Conditions (1), (2), (3) of Lemma \C\\ 
Then X has rational singularities. 
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Proof. Let recall that X is normal by definition. Let Y' be the smooth locus of Y. According to IIHir641 . 
there exists a desingularization Z of Y, with morphism r, such that the restriction of t to t~^{Y') is an 
isomorphism onto Y' . According to Lemma ICTl (v). all regular differential form of top degree on the 
smooth locus of X has a regular extension to Y' . Since Y has rational singularities and since Z is a 
desingularization of Y, all regular differential form of top degree on the smooth locus of Y has a regular 
extension to Z by IIKK731 p.50]. Hence all regular differential form of top degree on the smooth locus of 
X has a regular extension to Z. Since Z is a desingularization of Y and since n is projective and birational, 
Z is a desingularization of X. So, by IIKK73L p.50] again, it remains to prove that X is Cohen-Macaulay. 
Since Y and X are varieties over k, one has the commutative digram 

Y ^X 




Spec(k) 

According to IIH661 V. §10.2], q'Q&) and r'(k) are dualizing complexes over Y and X respectively. Fur- 
thermore, since 7 has rational singularities, the cohomology of ^'(k)[-dimZ] is concentrated in degree 
and equals a canonical mdodule % of Y. Moreover, % is isomorphic to Tt(nz) by Lemma |C2l and % is 
locally free of rank 1 since Y is Gorenstein. Let set © :- r'(k)[-dimZ] so that n{'D) - %hy ||H66[ VH, 
3.4] or ||Hi91. 4.3, (iv)]. Since tt is a projective morphisms, one has the isomorphism 

R(7r)*(R^omy(3<:,3<:)) RM'omx{R{T)^{%), ©) 

by llH66l Vn, 3.4] or IIhMI 4.3,(iii)]. Since % is locally free of rank 1, 



H'(Rjromy(3<:, %)) 

whence an isomorphism 



Oy if / = 
if / > 



RW*(Of) R^omx{R{n\{%), ®) 
Let J be the space of global sections of %. According to Grauert-Riemenschneider Theorem IIGR701 . 
denoting by the localization of J on X, 'R.{t:)^{%) - 3 since R{T)t{Q.z) and % are isomorphic, whence an 
isomorphism 

R(7r),(0y) RJ^omxiS, 
According to Lemma ICTl dv). there is an isomorphism 

3 ®^ RJ^omxid, ©) ^ © 
in the derived category T>'*'(X) of complexes bounded below of Ox-modules, whence an isomorphism 

3 0^ R(7r),(0y) D 

As a result, 3 ®^ R{t^)*{Oy) is a dualizing complex of X. According to the projection formula IIH66I II, 
Proposition 5.6], there is a natural isomorphism 

3 ®^ R{nUQY) R{nUl.n\3)) 



COMMUTING VARIETY 



59 



Since k(X) = k(y) and since any injective module over k[F] is divisible, R'7r*(L) = for / > and for 
all free module over k[F]. Moreover, all module over k[F] is a quotient of a free module. As a result, 
according to IIH66I I, Proposition 7.4], there is a functorial isomorphism 

Rtt* Ln* 

Hence, according to Lemma lCTl dii). hn*{d) is isomorphic to % in D{X). So, by Grauert-Riemenschneider 
Theorem IIGR701I again, S ®^ R(7r)*(0y) has cohomology only in degree and it equals S- Since 3 <8)^ 
R(7r)*(0y) is a dualizing complex, it is isomorphic to a bounded complex of injective modules by IIH661 
V, §2]. Hence 3 has finite injective dimension. Then, according to [iBru^ Theorem 3.1.17], for all x in X, 

dim 3x ^ injdim 3x = depth Ox,x 

with 3x the stalk of 3 at x. Since 3 is an ideal of Ox and since X is irreducible, dimX is the dimension of 
3x- Hence X is Cohen-Macaulay. □ 

Corollary C.4. Let suppose that there exist an irreducible Gorenstein variety Y, with rational singulari- 
ties, and a projective birational morphism nfrom Y to X verifying Conditions (1), (2) of Lemma \CA\ and 
the following condition: there exists a rational differential form of top degree, without zero, on the smooth 
locus of Y. Then X has rational singularities. 

Proof. According to Proposition IC.3I it suffices to prove that some ideal of Oy is a canonical module of 
Y. Let Y' be the smooth locus of Y. Since Y has rational singularities, Y has a canonical module % whose 
restriction to Y' is Qy by Lemma IC2l Let ojq be a rational differential form of top degree, without zero, 
on the smooth locus of Y. Let Vi, . . . ,V/ be an affine open cover of Y' such that the restriction of Oy/ to 
V, is generated by a regular form of top degree on V,. Then oj; has no zero and - aitoo for some 
regular invertible function on V, since ojq has no zero. 

Let V be an open subset of Y and let ipbe a. local section of JC over V. For / = !,...,/, the restriction 
of ^ to V n Vi equals piCOj for some regular function pi on V n V,. Then the 's are the restrictions of a 
well defined regular function p onV n Y'. Since Y is normal, V is normal and V DY' is big open subset 
of V so that p has a regular extension to V whence a morphism from % to Oy. Since this morphism is 
injective, X is isomorphic to an ideal of Oy, whence the corollary. □ 
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